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An electroosmotic (EO) actuator offers a low-power, low-voltage alternative in a 
diaphragm-based periodic displacement micropump intended for an implantable drug 
delivery system.  The actuator utilizes an electroosmosis mechanism to transport liquid 
across a membrane to deflect the pumping diaphragms in a reciprocating manner.  In the 
study, the membrane made of porous nanocrystalline silicon (pnc-Si) tens of nanometers 
in thickness was used as the promising EO generator with low power consumption and 
small package size.  This ultrathin membrane provides the opportunity for electrode 
integration such that the very high electric field can be generated across the membrane 
with the applied potential under 1 volt for low flow rate applications like drug delivery.  
Due to such a low applied voltage, the challenge, however, imposes on the capability of 
generating the pumping pressure high enough to deflect the pumping diaphragms and 
overcome the back pressure normally encountered in the biological tissue and organ.   
This research identified the cause of weak pumping pressure that the electric field 
inside the orifice-like nanopores of the ultrathin membrane is weaker than conventional 
theory would predict.  It no longer scales uniformly with the thickness of membrane, but 
with the pore length-to-diameter aspect ratio for each nanopore.  To enhance the pumping 
performance, the pnc-Si membrane was coated with an ultrathin Nafion film.  As a result, 
the induced concentration difference across the Nafion film generates the osmotic 
pressure against the back pressure allowing the EO actuator to maintain the target 
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 Potential inside the pore (V) 
 Potential along the pore axis (V) 
 Membrane potential (V) 
sdia Deflection or displacement of diaphragm (m) 
σp Standard deviation of pore radii (m) 
σsurf Surface charge density at pore wall (C m-2) 
σ Conductivity (S m-1) 
T Absolute temperature (K) 







Veff Effective voltage across the pores or membrane (V) 
Vstr Streaming potential (V) 
Vdry Dry volume of Nafion membrane (m3) 
Vwet Wet volume of Nafion membrane (m3) 
vz z-component of the flow velocity profile (m s-1) 
 Average flow velocity in the tube (m s-1) 
 Average velocity of meniscus on the inlet side (m s-1) 
 Average velocity of meniscus on the outlet side (m s-1) 
ζ Zeta potential (V) 
zi Valence number of ion i 
Zi Height of liquid at the inlet (m)  
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Chapter 1 INTRODUCTION 
 
1.1 Motivation 
Finding an effective way to deliver drug to the target organ and tissue is an 
ongoing effort in both pharmacology and medicine.  The longer the drug takes to the 
target, the more it is absorbed and the slower it becomes in effect.  These problems can 
be avoided if the drug is delivered right on target.  It is promising that a microsystem 
implanted close by the target organ could deliver drug in this fashion.  For some diseases 
like cancer that normally require the repetitive and invasive therapeutic methods, the 
implantable drug delivery microsystem could be an alternative that alleviates the 
repetitiveness and invasiveness in treating such chronic diseases.  Also with the potential 
of delivering drug straight on target for its immediate efficacy and reduced side effects, 
such an implantable microsystem could prevent the sudden loss of consciousness from 
stroke or heart attack [1].  For its applications in pharmacology, this implantable drug 
delivery microsystem could change the way the drug is designed since the absorption, 
distribution, and interaction with the organs and tissue along the path of delivery are no 
longer of a concern.  Promisingly, the implantable drug delivery microsystem will truly 
revolutionize the field of pharmacology and medicine.   
The basic mechanism of drug delivery microsystem requires at least a 
micropump.  Depending on the applications, the micropump can be passive or active.  
The active micropump is beneficial as the drug can be released on demand and in a 
controllable manner.  The biggest challenges, however, are the size restriction of the 
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implant, the power consumption requirement, and the safety issues involving its 
operation.  In fact, all of these challenges involve the underlying actuation mechanism.   
 
1.2 Previous Works and Literature Review 
Recently, many researches have been conducted to address this challenge.  
Several microsystems and micropumps have paved their ways into the clinical studies in 
animal models [2–4], or become available commercially [5].  Their operations exploit 
either the low-power electrochemical process [2] or the more efficient piezoelectric 
actuation [3], or innovatively mimic the passive osmotic mechanism [4–5].  Other 
actuation approaches also demonstrate their potential of satisfying those rigorous 
requirements through the promising performance of the prototyped or bench-top 
counterparts.  One of these approaches, for instance, takes advantage of the highly 
dynamic properties of liquid hydrocarbon [6] or perfluoro compound [7] during their 
phase transitions.  Most of materials with low boiling point and high vapor pressure can 
also be utilized.  Another motivating example is the actuation mechanism derived from 
the reversible transformation of some polymers in responding to a change in temperature 
[8] or under electric potentials [9–12].  Besides the aforementioned, the electroosmotic 
actuation also stands out in such the development due to the low-power, low-voltage 
operation it offers [13–14].   
Utilizing the electrochemical reactions usually occurred at low voltage to actuate 
the micropump becomes one of the most favorable candidates in the pursuit of low-power 
operations.  As an illustration of its principle and application, water was electrolyzed to 
liberate gas in a controllable manner for pumping a bolus of drug, like a syringe pump, to 
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the target tumor [2].  Its pumping flow rate can be regulated by adjusting the applied 
current owing to the fact that when water is electrolyzed at the electrodes, the number of 
transferred electrons determines the number of generated gas molecules.  At the constant 
applied current of 1 mA, the complete microsystem is capable of delivering drug at 4.72 
µL/min with the power consumption of 3 mW or equivalently at the rate of 38.14 mJ/µL.  
The drawback of this technique arises from the electrolysis of water itself as the 
electrodes gradually corrode and delaminate due to the change in pH when forming 
hydrogen and oxygen gases.  The prolonged operation could be questionable.   
Another low-power actuation mechanism was achieved by using the stacked 
piezoactuators in a peristaltic micropump [3].  Fundamentally, the piezoactuators can 
generate higher force by stacking them up while the operating voltage remains unchanged 
since all stacked members are electrically connected in parallel.  By employing this 
technique, the micropump can operate at 40 Vpp from the step-up converter circuit using a 
single 3V battery.  This operating voltage is much lower when compared to 220 Vpp of 
the conventional piezoactuators [15], even though it is still considered a shock hazard for 
most biomedical applications particularly for the in vivo operations.  In the aspect of its 
performance, the micropump can produce a flow rate of 2.23 mL/min, while consuming 
only 45.7 mW or equivalently at the rate of 1.23 mJ/µL at the frequency of 35 Hz.   
Unlike the aforementioned actuation approaches, the osmotic mechanism liberates 
the micropumps from the electrical power supply, yielding zero power consumption.  Its 
principle of operation bases on the osmosis of water between two regions of difference 
concentrations, separated by a membrane permeable only to water.  This principle can be 
engineered by introducing a water-permeable compartment containing an osmotic agent 
4 
 
usually of such higher concentration that water from the osmotic flow is absorbed and 
then utilized to release the drug.  In general, the micropumps can adopt this actuation 
mechanism in two ways.  The first method is to use drug itself as the osmotic agent such 
that it becomes dissolved by water from the body and released out by diffusion through 
the orifice [4].  The second method is to have the osmotic agent and drug store in the 
isolated compartments, which are separated by a movable boundary.  When the osmotic 
agent absorbs water, the pressure in the compartment rises, thus pumping the drug out by 
the moving boundary similar to a syringe pump [5].  In contrast, these two methods are 
different in that the latter provides a constant flow rate in a controllable manner, while the 
flow rate of the former depends on the diffusivity of the drug itself and usually decreases 
when the drug solution becomes dilute.  Due to their passive nature of operation, the flow 
rate cannot be regulated after implant.   
Phase transition is another method adopted for the actuation mechanism of the 
micropump.  Depending primarily on the property of material, the principle of operation 
relies on its volumetric change when transitioning from one phase to another.  A liquid 
hydrocarbon, for instance, can be used for this purpose since it easily vaporizes at room 
temperature and gains the expanded volume about 60 times [6].  When embedded in the 
substrate and sandwiched between a series of drug reservoirs and addressable heaters, 
heating up the substrate underneath the reservoir causes a transition from liquid to gas 
expanding and pushing the drug out like a syringe pump.  In another example, the 
micropump employs the same technique, but using a liquid of low boiling-point and high 
vapor pressure, and initiating the phase transition by body temperature instead [7].  When 
using a liquid perfluoro compound, the device can pump at the maximum flow rate and 
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pressure of 28.8 µL/min and 28.9 kPa, respectively, without electrical power.  Due to the 
bio-incompatibility of such liquids, the in vivo applications are limited.   
In contrast to the phase transition, some polymeric materials render the actuation 
mechanisms through swelling and shrinking in response to the physical stimuli such as 
temperature and electric potential.  Such volumetric change of the temperature-sensitive 
polymers can be utilized to deflect the pumping membrane upon heating and cooling.  As 
demonstrated in [8], the use of poly(N-isopropylacrylamide) hydrogel in this fashion can 
generate a flow rate of 0.6 µL/min against the back pressure of 15 kPa, while the heater 
consumes 180 mW when operating at 4 V.  This is equivalent to 18000 mJ/µL.  It is 
obvious that the heater is the performance bottleneck as the major factor for power 
consumption.  It is also expected that the heat dissipation would be so high exceeding the 
safety limit for the biomedical implant.   
The electroactive polymers are somewhat different in that their reversible 
swelling and shrinking can be localized and well-controlled, making it possible to bend.  
This feature can be used to pump liquid as shown in [9].  Fundamentally, according to the 
given configuration, the bending mechanism is induced by the localized adsorption of the 
positively charged species from aqueous solution to the surface of anionic hydrogel when 
subjected to the electric field.  Occurring only on the surface facing the anode, this 
localized adsorption makes the concentration at the given surface of hydrogel higher than 
the inside.  As a result, the osmosis takes place, and this portion of the surface becomes 
contracted, leading to the bending of the hydrogel.  The micropump operated by this 
mechanism can generate the maximum flow rate of 24 nL/min and consumes only 750 
µW, or equivalently 1875 mJ/µL, when operating at 1 V.  Operating with low power and 
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low voltage is the main advantage of this actuation mechanism; however, pumping 
against back pressure would be a challenge for this type of hydrogel due to its high 
elasticity.   
Polypyrrole (PPy) conductive polymers are also electroactive, but unlike the 
former, their expansion and contraction originate from the insertion and desertion of the 
doped ions owing to the redox reactions.  As the reactions normally occur to the entire 
polymers, a special configuration is usually applied to induce bending or deflection.  One 
of the configurations employs a bimorph of two polymeric layers.  The PPy-based 
conductive polymeric film, for instance, is deposited on either side of an insulating 
membrane and electrically connected with different polarity [10].  When the voltage is 
applied, one layer contracts, while the other simultaneously expands as a result of the 
redox reactions, thus leading to the deflection of the membrane.  Switching the voltage 
polarity reverses their physical changes reciprocally, and the deflection alters in the 
opposite direction.  As demonstrated in [10], the micropump based on this configuration 
can generate the maximum flow rate of 52 µL/min with the maximum pressure of 1.1 kPa 
and consumes 55 mW, or equivalently 63.46 mJ/µL, when operating at 1.5 V.   
Alternatively, the bimorph membrane can also be formed by overlaying two PPy 
films of different dopant ions and is used as either anode or cathode at a time [11–12].  
The deflection mechanism of the membrane remains unchanged, but originated 
distinctively.  When acting as anode, the anion-doped film incorporates more of its 
dopant from the solution, while the cation-doped film releases its dopant as a result of the 
oxidation reaction.  Their dopant ions behave in the opposite manner when the membrane 
becomes cathode due to the reduction reaction.  The actuation mechanism based on this 
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configuration is capable of pumping water with the maximum pressure of 5.1 kPa and 
consuming 32.53 mW or equivalently 68 mJ/µL for producing a flow rate of 28.7 µL/min 
with the maximum operating voltage of 1.2 V as reported in [12].  The major drawback 
of this actuation mechanism arises from the insertion and desertion of dopant ions as the 
larger deflection requires the higher electron transfer.  In other words, it demands higher 
current even at low voltage to achieve higher pumping pressure, thus leading to 
exponentially higher power consumption.   
Electroosmotic actuation rapidly becomes a promising candidate for the low-
power pumping mechanism due to its capability of operating at low voltage favorably 
less than 3 V with acceptable performance.  Such low-power, low-voltage feature arises 
from the advance in micro and nanotechnology in fabricating ultra-thin high-porosity 
membranes.  These membranes allow high electric field to be generated by low applied 
voltage, while maintaining a high surface area to volume ratio.  Fundamentally in the 
aqueous ionic solution, the high electric field exerts the strong Coulomb force on the 
countered ions that gather near the charged surface of the pore inside the membrane.  As 
a result, the ions migrate so fast that the convective flow of nearby water molecules is 
produced with high flow rate and strong pumping pressure.  As demonstrated by [13], the 
electroosmotic pump using a circular 1.33 cm2, 16 µm thick anodic aluminum oxide 
membrane with the porosity of 0.65 and pore diameter of 200 nm, and with the electrodes 
right on both sides can produce the maximum flow rate of 295.3 µL/min when operating 
at 3 V.  Another version of the micropump employs a square 1 cm2, 2 mm thick porous 
glass membrane with pore diameter of 450 nm and with the electrodes right on both 
sides.  The solution of 1 mM sodium borate buffer of pH 9.3 is used an electrolyte.  This 
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micropump can generate the maximum flow rate of 14.4 µL/min and the maximum 
pressure of 10 kPa at the current of 25 µA [14].  When operating at 2.9 V, it consumes 
only 73 µW or equivalently 0.30 mJ/µL.  It appears that the borate buffer plays a leading 
role in allowing the device to operate beyond the voltage that initiates the electrolysis of 
water and bubble formation.  By buffering the solution against a change in pH, the 
formation of hydrogen and oxygen gas is mostly impeded, thus being able to boost the 
pumping pressure with the negligible effect of bubbles.  The borate buffer, however, is 
hazardous at such pH level and consequently limits the usability of this micropump for 
the biomedical implant.   
Table 1.1 summarizes the aforementioned actuating mechanisms including their 
key characteristics.  It is evident that the electroosmosis exhibits the utmost propensity 
for the low-power-low-voltage, high performance actuating mechanism for the active 
micropump.  One of the major challenges, however, remains persistent for low-voltage 
operation as its pumping pressure becomes too weak to be useful especially at a few volts 
of the applied voltage.  Such weak pumping limits its usability at the presence of back 
pressure normally encountered in the in vivo drug delivery.   
To cope with the pumping pressure deficiency and toward the successful 
implementation of the implantable micropump, this research study aims at exploring the 
performance optimization for the electroosmotic pump.  The investigations initially focus 
on the porous membranes as the genesis of the electroosmosis and then extend to cover 
other configurable components.  The porous membranes of interest are made either of the 
solid substrate or polymer.  In case of the solid porous membranes, the impact of their 
pore length-to-diameter aspect ratio is thoroughly examined as the further reduction in 
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Table 1.1 Comparison between different actuating mechanisms that have the potential 





























































































































































































































































































































































































































































































































































































































































































the membrane thickness is expected to promote the pumping performance.  Such the 
performance enhancement arises from the potential of augmenting the electric field, the 
true driving force behind the electroosmosis, without escalating the applied voltage.  The 
porous nanocrystalline silicon (pnc-Si) membranes with the thickness in the order of tens 
of nanometers represent the solid porous membranes investigated in this research study.   
The polymeric porous membranes have demonstrated their promising 
electroosmotic pumping capability since the early work by Uhlig et al. [16] when they 
used the porous Nafion membrane [17] to induce the pumping of liquid against the back 
pressure as high as 69.33 kPa or 10.06 psi.  Such a high pumping capability prompts this 
research to explore the miniaturization of the Nafion-based pumping system and further 
maximize its efficiency by reducing the thickness of the membrane.  To ensure its 
rigidity, a polymeric mesh is used as a backbone support for the recast membrane of 
thickness in tens of micrometer.  For the ultrathin Nafion film with the thickness in the 
order of 100 nm and below, the molecularly thin pnc-Si membrane is utilized as a 
support.   
 
1.3 Overview 
The implantable drug delivery system considered in this work aims to be used in 
small laboratory animals.  Its main components are the micropumps, drug reservoir, and 
micro-tubing for delivering drug from the reservoir and to the target site as shown in 
Figure 1.1.  The chip containing two micropumps is designed to occupy the volume of 5 
mm x 5 mm x 3 mm.  Each micropump is operated by a dedicated actuator to deflect a 
pair of pumping diaphragms such that both micropumps generate a peristaltic pumping 
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motion.  In this work, the main focus is to research on a novel actuating mechanism that 
consumes low power, operates at low voltage, and is compact for the designed dimension 
of the system.   
The electroosmotic (EO) actuator utilizes the transport of water across a 
membrane under the applied electric field to deflect the pumping diaphragms in the 
periodic displacement micropump.  The actuator resembles a closed electrolytic cell - 
consisting of a pair of electrodes, a membrane isolating the cell into two halves, and an 
aqueous electrolyte solution - with the membrane playing a crucial role in generating EO.  
In this research work, the solid-state and polymeric membranes including the hybrid are 
being examined and characterized for its EO pumping capability under various testing 
conditions.  The solid-state porous nanocrystalline silicon (pnc-Si) and polymeric Nafion 
membranes are the candidates for inducing EO in the actuator.   
The dissertation begins with the theoretical background in Chapter 2 for the 
transports of aqueous ions and water molecules starting from the surface of electrodes to 
 
Figure 1.1 Schematic diagram of the implantable drug delivery system depicts the 
main components and dimensions.  The micropump chip contains two 
actuators – one occupies the area in yellow and the other occupies the area 
in purple.  These two actuators cooperate by deflecting the circular 
diaphragms to generate a peristaltic-pumping motion.  This drug delivery 




the membrane and across the membrane where EO is induced.  At the surface of 
electrodes, the concepts of surface electrochemistry and electron transfer are introduced 
and described for their role that allows ions to transport in the electrolyte from one 
electrode to another.  The impact of this surface electrochemistry that limits the 
maximum applied voltage across the cell is also discussed.  Then, the chapter continues 
with the transport of ions in the electrolyte between the electrode and membrane based on 
the Nernst-Planck equations.  The influence of the membrane properties on such the 
transport is also emphasized.  The Chapter 2 is concluded with the membrane transport 
theory for both pnc-Si and Nafion membranes.   
Chapter 3 is dedicated to the methods involving the experiment protocols and 
numerical simulation procedures.  The experiment protocols include the preparation of 
EO pumping membranes, experiment setups, and description of the measurement and 
data processing techniques.  The aim is to measure the electrokinetic transport properties, 
in particular the flow rate and electric current, as a function of pressure differential and 
potential drop across the membrane.  These data are used to characterize the EO transport 
induced by each type of membrane using the theoretical models developed in Chapter 2.  
In addition, the numerical simulations are also performed to further investigate the 
nanoscale phenomena for single and multiple nanopores.  All the simulations are based 
on the finite element analysis using COMSOL. The simulation procedures are also 
described in detail in this chapter.   
The analysis and discussion of the results obtained from the experiments and 
simulations are central to Chapter 4.  The main focus involves the characterization of EO 
pump for each type of membrane, especially for the hybrid one, in terms of flow rate 
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against back pressure.  The new insight on the electrokinetic properties for the 
molecularly thin membrane further elucidates its EO pump characteristic.  Furthermore, 
the performance evaluation and comparison is also included using a variety of metrics 
such as the volume pumped per unit energy and thermodynamic efficiency for their 
pumping applications.  The comparison with the existing technologies highlights the key 
contributions from this work in the area of lower-power, low-voltage operations and the 
improvement in EO pumping pressure being generated.  Finally, Chapter 5 concludes the 
findings and projects on the future work.   
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Chapter 2 PRINCIPLE OF OPERATION 
 
2.1 Introduction to Electroosmotic Actuation 
Utilizing electroosmosis (EO) as an actuating mechanism is achieved by a 
specific device configuration.  Basically, two enclosed liquid electrolyte compartments, 
each equipped with a flexible pumping diaphragm, isolated by a rigid membrane 
sandwiched between two electrodes compose the actuator, as depicted in Figure 2.1.  The 
membrane, as the heart of the device and EO mechanism, allows liquid to transport 
across in one direction under the control of the applied electric field across the electrodes.  
As a result, the changes in liquid volume in both compartments cause the mutual changes 
in the compartment pressures, leading to the diaphragm deflections in a reciprocating 
manner.   
Figure 2.2 illustrates its operation assuming that both liquid-filled compartments 
have the initial volumes of Vi(t0) at pressures Pi(t0) for i = 1 and 2.  Underneath both 
diaphragms are chambers joining reservoirs via microfluidic channels.  Both reservoirs 
are assumed to have the invariable back pressures of P3 and P4.  Initially at the absence of 
EO, both diaphragms remain statically flat only when the pressure differential across 
each diaphragm is lower than that required to deflect it as shown in Figure 2.2(a).  
Otherwise, the pressure differentials across them dictate their stable forms.  Assuming 
that Pd,i are the pressures necessary and sufficient to deflect the diaphragms all the way to 
the bottom of the underlying chambers, it is always required that to deflect both 
diaphragms in a reciprocating manner as described in Figure 2.2(b), both compartments 
must be pressurized such that  
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 1,41 dPPP −≤  (1) 
and 2,32 dPPP +≥  . (2) 
These requirements imply a pressure differential across the membrane to pump against, 
and it can be denoted the equivalent back pressure, ΔPBP, which is given as  
 ( ) 432,1,12min PPPPPPP ddBP −++=−=∆  . (3) 
In Figure 2.2(c), the diaphragms are deflected in the reverse direction as a result 
of alternating the direction of electric field.  Under this circumstance, it is required that 
the pressures in both compartments must be  
 1,41 dPPP +≥  (4) 
and 2,32 dPPP −≤  , (5) 
similarly leading to the equivalent back pressure, which can be derived as  
 ( ) 342,1,21min PPPPPPP ddBP −++=−=∆  . (6) 
 
Figure 2.1 Conceptual diagram depicting the components of the electroosmotic 
actuator of which the membrane can be either the porous nanocrystalline 






Figure 2.2 Schematic diagram illustrating the sequential operation of the 
electroosmotic actuator in pumping the liquid: (a) at the starting position; 




Comparing the operational constraints (3) and (6), an asymmetrical behavior is observed.  
For the actuator to function properly, the minimum requirement for EO-generated 
pressure, ΔPEO, must be capable of coping with the maximum of these constraints, thus 
yielding  
 432,1,max, PPPPPP ddBPEO −++=∆≥∆ . (7) 
It is worth noting that during the transition to flat state in the full-stroke deflections, the 
relaxation of stress in the diaphragms tends to promote the flow of liquid across the 
membrane in forms of an assisted pressure.  Allowing or preventing such a pressure 
depends largely on the characteristic of the membrane.  Not taking this matter into 
consideration, however, does not jeopardize the operational accuracy of the actuator, but 
doing so could benefit a reduction in power consumption.  As the pumping flow rate of 
the actuator is governed by the time it takes to deflect the diaphragms at a full stroke, a 
prolonged half-cycle time yields no liquid being pumped further, given that the target 
flow rate is attained.  Alternatively, actuating with a lower ΔPEO could also achieve the 
same flow rate, but efficiently at less power consumption.   
In general, the EO-generated pressure ΔPEO is increased at a higher applied 
voltage as it strengthens the electric field.  In fact, when the electric potential is beyond a 
certain level, a gas evolves at the electrode possibly rendering the device malfunction.  
This potential level consequently becomes an upper limit on the applied voltage.  The 
detailed discussion on the surface electrochemistry of electrodes and the estimation of 
this limiting applied voltage are included in Section 2.2.   
Inevitably, the occurrence of electrochemistry at the electrodes’ surface limits the 
applied voltage, curbing the generation of EO pumping pressure.  This restriction can be 
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circumvented by the efficient device design including the use of membrane with high 
EO-generated pressure ample for the proper operation of the actuator.  In this study, the 
porous nanocrystalline silicon (pnc-Si) membranes, thick Nafion membranes with mesh 
support, and pnc-Si membrane coating with ultra-thin Nafion film are being examined 
due to their tendency to render the actuator with low power consumption and small 
package size suitable for the implantable devices.  The theoretical predictions of their 
EO-generated pressures and the investigations on the actuator performance when 
operating with different membranes will be discussed for the pnc-Si and Nafion 
membranes in Section 2.5.1 and 2.5.2, respectively.   
 
2.2 Surface Electrochemistry of Electrodes 
Electrolyte solutions possess a property of conducting media, but behaving 
distinctly in the potential field across a pair of electrodes.  Unlike a conductor in which 
electrons flow, the electric current stems from the flow of charged species and electron 
transfers at electrodes, and a net charge usually occurs near the surface of each electrode.  
Such charge distribution polarizes the electrolyte solution and contribute to the electric 
field across the electrodes.  The higher the voltage is applied, the more charged species 
gather and the stronger the resulting electric field becomes.  When the electrode potential 
is high enough, however, the electrode surface undergoes an electrochemical process.  
Occurred in forms of reduction and oxidation reactions, so called redox, this 
electrochemistry allows electrons to transfer between the species at electrode surface and 
the electrodes.  Such surface species could be the charged species of solute, neutral 
species of solvent, or elemental species of the electrode itself.  In this study, these 
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reactions are considered intrinsic for the actuators of interest if not involving a gas 
evolution since their operation relies on the manipulation of pressures in the enclosed 
compartments.   
Gas evolution at the surface of electrode depends primarily on the electrode 
potential and the chemical composition of electrolyte solution.  For an aqueous 
electrolyte solution, the electrolysis of water is likely the typical source of gas evolution, 
which produces either hydrogen or oxygen gases.  The hydrogen gas is liberated from the 
reaction at cathode where the water is reduced, while the oxygen gas is evolved by the 
reaction at anode where the water is oxidized.  These reduction and oxidation reactions 
can be expressed respectively as  
Cathode: 2H2O + 2e− → H2(g) + 2OH−(aq) (8) 
Anode: 2H2O → O2(g) + 4H+(aq) + 4e− (9) 
Under certain circumstances when no other chemical reactions occur like in the 
electrolytic cell shown in Figure 2.3, the minimum potential required for the onset of the 
redox reactions (8) and (9) can be estimated thermodynamically from an open-circuit 
voltage, Eopen.  By definition, the open-circuit voltage characterizes the potential 
difference between cathode and anode necessary to initiate a given pair of redox reactions 
at the absence of electric current.  This potential difference is defined as  
 , (10) 
where Ecathode and Eanode denote the half-cell potentials at cathode and anode, respectively.  
These half-cell potentials signify the respective electrode potentials in accordance with 
the surface concentrations of reactants and products involved in the reaction, as described 




 , (11) 
where Eo denotes a standard reduction potential, R is a gas constant (8.314 J K-1 mol-1), T 
is a temperature in Kelvin, n is the number of moles of electrons being transferred, F is a 
Faraday constant (9.649 × 104 C mol-1), and [producti]s,k and [reactantj]s,k represent the 
concentrations of ith product and jth reactant at the surface of kth electrode in the unit of 
molar, respectively.  According to the reactions (8) and (9), the half-cell potentials at both 
electrodes can be expressed using Nernst equation (11) as   
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Figure 2.3 Diagram demonstrating the bubble formations caused by the electrolysis of 
water in an electrolytic cell composed of a pair of Pt electrodes in NaCl 





and  , (13) 
where Pi represents the fugacity or partial pressure of gas i in the unit of bar.  Unlike the 
ideal gas, the fugacity of real gas is a function of both pressure and temperature in the 










PP sysisysi exp  , (14) 
where Bi and Psys denote the second virial coefficient [21] for gas i in m3 mol-1 and the 
system pressure in Pa, respectively.  The second virial coefficients for hydrogen and 
oxygen are usually obtained empirically as a function of temperature in Kelvin and given 
































BO  . (16) 
It is worth noting that at 25 °C (298.15 K) and up to 2 bars (0.2 MPa) of pressure, the 
fugacity values of both hydrogen and oxygen are about the same as the system pressure.  
Additionally, by using the standard reduction potentials listed in Table 2.1, the potential 
difference between (12) and (13) can be formulated in terms of analyte concentrations 
and pressures as  
 . (17) 



































At the advent of the reactions, it is plausible to assume that the concentrations of products 
and reactants at the electrode surface are initially identical to those in bulk solution, 
[producti]b and [reactantj]b, and given as  
  (18) 
and . (19) 
As a result, the open-circuit voltage can be computed from (17) for the cell in Figure 2.3 
as  
 . (20) 
In terms of the Gibbs free energy, ΔG, given as [19],  
 opennFEG −=∆  , (21) 
the open-circuit potential derived in (20) yields the positive Gibbs free energy, ΔG > 0, 
indicating the endergonic reaction.  Therefore, water does not electrolyze spontaneously, 
and the voltage of at least 1.229 V needs to be supplied to drive the reactions.  On the 
contrary, the applied voltage of lower than 1.229 V becomes obligatory to avoid gas 
evolution in such a system illustrated in Figure 2.3.  In practice, the formations of 
[ ] [ ]b-cathodes- OHOH , =
[ ] [ ]banodes ++ = HH ,
V  229.1−=openE
Table 2.1 Standard reduction potentials, Eo, of all the reactions involved in the study 
[22].  Note that all reactions are expressed in forms of reduction reactions. 
 
Reactions Eo (V) 






( ) ( )sCu 2eaqCu2 →+ −+
( ) ( )aqOH2gHe2O2H 22 −− +→+
( ) ( ) O2H4eaq4HgO 22 →++ −+
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hydrogen and oxygen gases could be observed at a voltage higher than 1.229 V due to the 
higher concentrations of OH- and H+ at the electrode surface than in the bulk solution.  
This phenomenon stems from a mismatch between a fast production at the surface and a 
slow diffusion into the bulk solution, and its influence on the concentrations and 
consequently the half-cell potentials is known as the concentration polarization.  In 
addition, it is also worth noting that either one of the gas-generating reactions (8) and (9) 
can take place alone if there exists another reaction of its redox pair, for example, when 
the solution contains Cu2+ impurity.  As a feasible result, the voltage at which gas 
evolution occurs might be lower than 1.229 V.   
Another interesting circumstance involves an electrolytic cell with a pair of 
Ag/AgCl electrodes.  Figure 2.4 exemplifies such a system that introduces the redox 
reactions,  
Cathode:  (22) 
Anode:  (23) 
The potential difference between electrodes required to commence this electrolysis can 
be formulated as  
 . (24) 
At the onset of the electrolysis, the concentrations of Cl- at the surface of electrode are 
presumably the same as in the bulk solution,  
 , (25) 
and the open-circuit voltage can be predicted from (24) as  
 V  0=openE , (26) 
( ) ( ) ( )aqClsAgesAgCl −− +→+






















[ ] [ ] [ ]b-anodes-cathodes- ClClCl ,, ==
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or equivalently  
 0=∆G  (27) 
according to the equation (21).  Zero Gibbs free energy indicates that the reaction is in 
equilibrium.  Consequently, it can be construed that the reactions (22) and (23) can occur 
even with a scintilla of the applied voltage.  Furthermore, these reactions could take place 
concurrently with a gas-generating reaction and contribute a significant flow of electric 
current.  Owing to such a flow of current, using the open-circuit voltage to predict the 
advent of gas evolution becomes invalid, and the knowledge of the entire cell voltage 
seems mandatory.   
Fundamentally, forcing the electric current, denoted as I, through the electrolytic 
cell involves three types of potentials [19].  The first one appears in forms of the voltage 
 
Figure 2.4 Diagram illustrating the redox reactions occurring in an electrolytic cell 
composed of a pair of Ag/AgCl electrodes in NaCl solution at 25 °C, 1 bar 




required to initiate the reactions similar to that defined in (10), but the concentration 
polarization partakes in earnest.  The second one is responsible for the migration of 
charged species between electrodes in opposition to the electric resistance, Z, of the 
solution and usually referred to as the ohmic potential, Eohmic = IZ.  The last one belongs 
to the electrode itself as to facilitate the electron transfer with electrode and is known as 
the overpotential, ηelectrode.  Overall, the contributions of these three categories of potential 
constitute the cell voltage, Ecell, which can be expressed as  
 anodecathodeanodecathodecell IZEEE ηη +−−−=  . (28) 
Apparently, based on all possible combinations of the reduction reactions (8) and (22) 
and the oxidation reactions (9) and (23), there exist two sets of redox reactions 
concerning the generation of either O2 or H2 individually.  In case of O2-only liberation, 
the electrolysis of water occurs at anode concomitantly to the oxidation of silver metal, 
while only the solid silver chloride is reduced at cathode,  
Cathode:   
Anode:   
   
The potential difference Ecathode – Eanode required to presumably start liberating only 
oxygen gas and reducing the solid silver chloride can be computed as  
 . (29) 
For the electrolyte solution of pH neutral maintained at 1 bar of pressure as specified in 
Figure 2.4, the potential difference (29) becomes  
( ) ( ) ( )aqClsAgesAgCl −− +→+
( ) ( ) −+ ++→ 2eaq2HgO
2
1OH 22
( ) ( ) ( ) −− +→+ esAgClaqClsAg







 . (30) 
It is worth noting that at 25°C, the potential difference expressed in (29) is a weak 
function of the oxygen fugacity.  By applying the equations (14) and (16), the absolute 
value of the potential difference is increased by only 4 mV for 100 kPa of pressure 
increment.  Since the gauge pressure in the actuator compartment will never exceed 100 
kPa for biomedical applications, such the change in potential is considered negligible, 
and the expression (30) remains valid.   
Another possibility involves the H2-only evolution.  Unlike the former situation, 
the electrolysis of water takes place at cathode simultaneously with the reduction of solid 
silver chloride, while only silver metal is oxidized at anode,  
Cathode:   
   
Anode:   
The potential difference Ecathode – Eanode essential to presumably start liberating only 
hydrogen gas and oxidizing the silver metal can be given as  
 . (31) 
Under the same conditions, the potential difference (31) appears to be  
  . (32) 
Similar to the case of oxygen liberation, the potential difference (31) is a weak function 
of the hydrogen fugacity.  Its absolute value is increased by only 9 mV for 100 kPa of 
[ ]( )cathodes-anodecathode F
RTEE ,Clln593.0 −−=−




( ) ( ) ( )aqClsAgesAgCl −− +→+
( ) ( ) ( ) −− +→+ esAgClaqClsAg






























pressure increment.  Since the gauge pressure in the actuator compartment will never 
exceed 100 kPa, such the change in potential is considered negligible, and the expression 
(32) remains valid.   
Shown in Figure 2.5 are the characteristic curves plotted in accordance with the 
potential differences derived in (30) and (32) as a function of the surface concentrations 
of chloride ions.  The arrow corresponding to each curve indicates its shifting direction 
when the fugacity rises above 1 bar.  It is evident that evolving either O2 or H2 
individually exhibits rather distinctively.  For the O2-only evolution, the required 
potential difference becomes more negative as the concentration increases.  
Contradictorily for the H2-only evolution, the more negative potential difference is 
observed for the decreasing concentration.  These concentration-dependent behaviors 
signify the differences in the ease of liberating either one of the gases such that the one 
with less negative potential difference dominates.  In contrast, it can be deduced from the 
graph of Figure 2.5 that the intersection of all regions above the curves renders the 
operational conditions that guarantee no gas formation as indicated by the shaded region 
in Figure 2.5.  With the incorporation of the ohmic potential and overpotentials as stated 
in (28), the specified cell voltage can be used to determine the applied voltages suitable 
for the operation of the EO actuators.   
In practice, it is possible to observe the evolution of gas at the applied voltage 
higher than estimated.  The discrepancy stems from the dynamic behavior of the 
concentration at the electrode surface.  Due to the concurrent reactions and a mismatch 
between the faster consumption/production and the slower diffusion from/into the bulk, 
28 
 
the surface concentrations of chloride ions at cathode and anode depart in the opposite 
directions from their initial value of the bulk,  
 . (33) 
Eventually, both concentrations reach the equilibrium where the electric current in the 
cell is sustained.  The decreased surface concentration at anode and the increased surface 
concentration at cathode make the formation of gas more difficult to occur and in 
consequence raise the potential difference as described by the graph of Figure 2.5.  
Subsequently, the cell voltage is elevated leading the higher applied voltage as observed.   
The prediction of this elevated cell voltage is complex since the dynamic behavior 
of the surface concentration thrives on many factors.  The dependency on the current 
[ ] [ ] [ ] cathodes-b-anodes- ,, ClClCl <<
 
Figure 2.5 Graph showing the thermodynamic potential differences required to liberate 
either oxygen or hydrogen, or both at various concentrations of chloride 
ions at the surface of Ag/AgCl electrode.  The shaded region indicates the 
preferred region of operation where there is no gas generation.  The arrow 





density, overpotential, and the diffusivity of chlorine ion is the example, which will be 
discussed in Chapter 5.  Conservatively, as the actual cell voltage is always higher, using 
the estimate ensures the proper operation of the EO actuates.   
 
2.3 Ion Transport between Electrode and Membrane 
Modeling the transport of ion between electrode and membrane helps predict the 
transmembrane properties such as the transmembrane concentration and potential.  
Consider the binary electrolyte solution confined between electrode and membrane.  Both 
anode and cathode are assumed to be ideally non-polarizable as in the case of Ag/AgCl 
electrode pair.  Figure 2.6 depicts a general electrolytic cell with both electrodes made of 
Ag/AgCl, NaCl as an aqueous electrolyte solution, and a membrane permeable to both 
ions and water.   
In this electrolytic cell, Cl- is the only electroactive species, while Na+ is the 
supporting electrolyte.  Starting from the anode, Cl- ions are consumed from the bulk 
solution to form solid AgCl on the surface of anode.  As a result, the concentration of Cl- 
is reduced from its original bulk value creating an increasing gradient of concentration 
into the bulk further away from anode.  At the same time, Cl- ions are released from 
cathode into the solution.  This reaction increases the surface concentration of Cl- from 
bulk value creating a reducing gradient of concentration toward the bulk further away 
from cathode.  In case of membrane with no or weakly charged surface, both Na+ and Cl- 
can migrate freely – perhaps with different rate – across membrane.  As a result, 
negligible amount of concentration difference could form across the membrane.  In the 
aspect of transmembrane potential, the Ohmic drop across the electrolyte determines its 
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value.  Conventionally, the transports in the electrolyte confined between electrode and 
membrane are governed by the transports inside the membrane.   
The scenario becomes quite opposite if the membrane with ion-selective 
capability, which permits a certain type of ions to pass through while blocking the other, 
is used in the electrolytic cell.  Figure 2.7 illustrates such a cell with the use of cation-
selective membrane that permits only the passage of Na+, but prohibiting that of Cl-.  
Similar to the former case, the redox reaction at anode and cathode cause a reduction and 
increment of Cl- at their surface, respectively, with a traveling gradient of concentration 
into the bulk.  Consider the region on anode side as to be referred to as anode-to-bulk.  


























= 0  (35) 
 
Figure 2.6 Schematic diagram of electrolytic cell in general consisting of anode, 
electrolyte, membrane, electrolyte, and cathode.  The membrane is 




where Aa and Ach are the surface area of anode and cross-sectional area of chamber, 
respectively.  In this anode-to-bulk region, the electro-neutrality, z+c+ + z-c- = 0, holds; 
the concentration profile is given as  
 𝑐𝑄=0(𝑥) = 𝑐𝑠𝑎 +
𝐼
2𝑧𝐹𝐷−𝐴𝑎
𝑥  (36) 

















  (37) 
for zero and non-zero flow rates Q, respectively.   
The surface concentration can be determined from the number of moles of the 
electroactive species being electrolyzed between anode and bulk interface at xi during the 
period of operation t as  





𝑑𝜏𝑡0 .  (38) 
In case of 𝑄 = 0, the thickness of the region and surface concentration are  
 
Figure 2.7 Schematic diagram of electrolytic cell with a cation-selective membrane.  
There exist three regions on either side of membrane – electrode-to-bulk, 
bulk-to-EDL, and EDL-to-membrane.  In this diagram, anions are the 
electro-active species whose flux is found only in the electrode-to-bulk 
region, while prohibited across the membrane.  As a result, the current is 




 𝑥𝑖,𝑄=0 = 2�2𝐷−𝑡  (39) 




The solution for the case of non-zero flow requires numerical method to solve the 
following transcendental equation for xi  









𝑥𝑖,𝑄≠0� = 𝐺  (41) 













.  Correspondingly, the surface concentration can be 
found as  


















  (42) 
It is worth noting that the ion transports in the region from bulk interface to cathode 
follow the same governing equations (34) and (35) with the number of moles of Cl- being 
released into the bulk given by  
 𝐴𝑐 ∫ [𝑐(𝑥)− 𝑐𝑏]𝑑𝑥
𝐿𝑐
𝑥𝑖
= ∫ 𝐼𝑧𝐹 𝑑𝜏
𝑡
0   (43) 
where Lc is the distance between membrane to cathode.   
The ion transport in the region between the bulk interface and cation-selective 
membrane affects the transmembrane properties.  Since the membrane does not allow the 


























  (45) 
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The current flow in this region is caused only by the flux of Na+ ions.  The electro-
neutrality is also valid in this region.  The concentration near the surface of membrane 
cma in either zero or non-zero flow rates can be found as  
 𝑐𝑚𝑎,𝑄=0 = 𝑐𝑏 −
𝐼
2𝑧𝐹𝐷+𝐴𝑎
�𝐿𝑎 − 2�2𝐷−𝑡�  (46) 



















  (47) 
where La represents the distance between anode to membrane.  The transport on the 
cathode side also behaves in the same fashion and the concentrations near the membrane 
surface can be predicted using (44) and (45), which yield  
 𝑐𝑚𝑐,𝑄=0 = 𝑐𝑏 +
𝐼
2𝑧𝐹𝐷+𝐴𝑐
�𝐿𝑐 − 2�2𝐷−𝑡�  (48) 



















  (49) 
The region adjacent to the membrane with charged surface, in contrast, harbors 
free charges where the electro-neutrality is no longer valid.  This region is similar to the 
electric double layer (EDL) conventionally modeled for the ion distribution over the 
impermeable charged surface.  Unlike the traditional concept, the EDL over the 
membrane surface allows the flux of cation without disturbing its profile.  Such EDL can 
be modeled by linking the conventional EDL with the electro-neutral region between 
bulk interface and membrane such that the boundary of EDL has the concentration of cma, 
given by either (46) or (47), instead of bulk concentration as conventionally assumed.  











= 0 (50) 
Note that 𝜙� and 𝑐±̅ represent the potential and concentrations in the electric double layer.  
The solution to Nernst-Planck equations (50) indicates the Boltzmann’s distribution of 
the concentration matched with that in the neutral region as  
 𝑐±̅(𝑥) = 𝑐𝑚𝑎exp �∓
𝑧𝐹
𝑅𝑇
[𝜙�(𝑥)− 𝜙𝑚𝑎]� (51) 






(𝑧+𝑐+̅ + 𝑧−𝑐−̅)  (52) 
Using the boundary conditions at 𝑥 → ∞, 𝑑𝜙� 𝑑𝑥⁄ = 0 and 𝜙� = 𝜙𝑠𝑎 and at x = 0 on the 
surface of membrane, 𝑑𝜙� 𝑑𝑥⁄ = 𝜎𝑠𝑢𝑟𝑓 𝜀⁄ , the potential and concentration profiles can be 
derived as  






𝑐𝑚𝑎� 𝑥 + tanh−1 �exp �
𝑧𝐹
2𝑅𝑇
(𝜙�𝑚𝑎 − 𝜙𝑚𝑎)����  
  (53) 
 𝑐±̅(𝑥) = 𝑐𝑚𝑎exp �∓
𝑧𝐹
𝑅𝑇
[𝜙�(𝑥)− 𝜙𝑚𝑎]�  (54) 
Accordingly, the potential and concentrations on the surface of cation-exchange 
membrane on the anode side are predicted as  







�  (55) 




��  (56) 
Similarly, those on the cathode side can be found as  







�  (57) 
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��  (58) 
Using these membrane surface properties, the transmembrane potential ∆𝜙𝑚 = 𝜙�𝑚𝑎 −
𝜙�𝑚𝑐 and concentrations ∆𝑐𝑚,± = 𝑐?̅?𝑎,± − 𝑐?̅?𝑐,± can be eventually be predicted.   
 
2.4 Transport Theory in Electro-Microfluidics 
The electro-hydrodynamic transport models developed in this section are general 
to both pnc-Si and Nafion membranes, and become specific when the membrane 
characteristics get involved.  The electro-hydrodynamic transport originates from the 
electrokinetic phenomena involving the flow of ionic solution in a charged capillary or 
pore in particular.  In the charged pore, the cations and anions are distributed differently 
depending on the polarity of its surface charge such that the nonzero net charge in the 
solution is produced.  Primarily, when an electric field is applied across such a channel, 
the Coulomb force exerts upon the ions leading to their transport and the resulting flow of 
solvent due to the ion drag.  This electro-hydrodynamic transport can be characterized by 
the volumetric flow velocity and the electric current flow across the pore.   
 
2.4.1 Electroosmosis 
To make the analysis more analytically manageable, it is conventional to assume 
that the pore is axisymmetric and has a shape of cylinder with very high length-to-
diameter aspect ratio and uniform surface charge density.  Under this assumption, the 
velocity profile in axial direction, vz, and the potential inside the pore, ψ, are varied only 
in the radial direction [23–24].  As a result, the second derivative terms with respect to 
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the angular and axial positions vanish, and the steady-state Navier-Stokes equation 
coupled with Poisson equation reduces to  
 , (59) 
where P and ϕ represent the hydrostatic pressure and potential across the pores, while η 
and ε are viscosity and permittivity of the electrolyte solution, respectively.  In general, 
the hydrostatic pressure P is given as a sum of partial pressure p0 and osmotic pressure 
[23].  For electroosmosis, it is conventional that the influence of osmotic pressure due to 
the concentration gradient being induced across membrane is negligible and can be 
omitted.  As a result, the partial pressure p0 is the same as the hydrostatic pressure P.  
Additionally, it is worth noting that this assumption is usually applied to the regions 
further away from the pore entrance/exit and generally not applicable to the pore with 
low aspect ratio, which is innate to the pnc-Si membrane.  The more accurate analysis 
requires the numerical approach as to be addressed later on.   
Consider the symmetrical boundary conditions at the pore axis,  
 , (60) 
and the boundary conditions at the pore wall that, without loss of generality, take the 
hydrodynamic slippage with the Navier slip length lslip [25], pore surface charge density 
σsurf, and pore zeta potential ζ into account, respectively, as  
 , (61) 
where rp represents pore radius.  It is worth noting that the pore zeta potential ζ is 
approximated to be the same as the potential along the pore wall due to a much smaller 































































thickness of shear plane than the pore radius.  Based on the boundary conditions (60) and 
(61), the flow velocity profile can be expressed as  
 . (62) 
The slip length can be obtained experimentally [26] or predicted from the 
molecular dynamics (MD) simulation [27] and [28].  Fundamentally, the slip length 
depends mainly on the surface hydrophobicity and surface charge density such that the 
total slip length [28] is given as  
  , (63) 
where lslip,cLS and lslip,scd denote the slip lengths contributed by liquid-solid cohesion and 
surface charge density, respectively.  Originated from MD simulation, these two 
contributions of slip length can be estimated as  
  (64) 
and  , (65) 
which are the function of the liquid-solid cohesivity cLS, the contact density ρc depicting 
the number of binding sites between liquid and solid surface molecules, and the 
molecular length lmol.  The symbol kB denotes Boltzmann constant.  The value of liquid-
solid cohesivity, cLS is usually obtained from the contact angle, θc, of a droplet of the 
liquid on the specified surface and the ratio between the densities of liquid to solid [27],  
 . (66) 
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The liquid-liquid cohesivity cLL is usually assumed to be 1.2 according to [27] and [28].   
Another important parameter influencing the electro-hydrodynamic transport is 
the potential inside the charged pore.  This potential partakes in dictating the distribution 
of ions inside the pore.  The derivation of this potential involves solving Poisson 
equation,  
 , (67) 
where the charge density inside the pore is related to the ionic concentrations ci of ion i 
with the valence number zi as  
 . (68) 
In accordance with the assumption declared previously, the potential is axisymmetric and 
can be expressed in the cylindrical coordinate as  
 . (69) 
To solve Poisson equation (69) for the potential ψ(r), the ionic concentration 
profile ci(r) needs to be obtained first.  Consider the relation between the electrochemical 
and chemical potentials of ion i, , and µi, respectively, inside the pore  
  (70) 
and , (71) 
where  is its standard state chemical potential.  At equilibrium, the electrochemical 
potential of each ion is constant throughout the pores such that  
 . (72) 
ε
ρψ e−=∇2
( ) ( )rczFr
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Under this equilibrium condition, the relationship between the concentration profile and 
potential inside the pore is given as   
 . (73) 
Using the boundary condition at the pore axis, r = 0, that  
 , (74) 
the differential equation (73) can be solved as  
  , (75) 
for which  and  are the concentration of ion i and potential along the pore axis, 
respectively.   
Unlike the previous work by [29], the concentration of ion i along the pore axis is 
determined from the concentration  in the vicinity of either ends of the pore at ±dm/2 
from the center of membrane, for which dm stands for the membrane thickness.  Applying 
the equilibrium condition (72), the concentration  at the surface of porous membrane 
can be derived similarly in terms of membrane potential  as  































 . (76) 
Based on (76), the concentration along the pore axis for –dm/2 < z < dm/2 further into the 

































Fzdcc  . (77) 
Substituting (77) into (75) yields  
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 . (78) 
Giving the membrane potential at the pore entrance to be zero as a reference potential 
where the potentials inside the pore and at the pore exit are referred with respect to, the 
concentration profile (78) reduces to  
 , (79) 
where  represents the concentration of ion i at the pore entrance.  It is worth noting 
that the similar expression can be derived with the concentration at the pore exit, but with 
the potential at the exit as the reference.   
Substituting (79) into (69) gives the Poisson equation in forms of  
  . (80) 
This is a more generalized form compared to the traditional Poisson-Boltzmann equation 
in that it accommodates the situation where the electric double layer (EDL) overlaps.  In 
case of the binary symmetric electrolyte solution, z = z+ = –z-, with both cation and anion 
of identical concentrations at the pore entrance, the Poisson equation (80) can be 
expressed as  
 . (81) 
This nonlinear ordinary differential equation can be solved numerically with the relevant 
boundary values specified in (60) and (61).  It is worth noting that (81) takes the 
concentration of the solution at the pore entrance, which is not necessarly the same as 
bulk concentration, into account unlike all the previous works found in the literature that 





















































rely on the non-localized concentration.  In addition, using the local concentration allows 
the osmotic end effect due to the concentration difference across the pore entrance to be 
incorporated into the transport model.   
Once the pore potential is obtained, the electro-hydrodynamic transport can be 
modeled.  The first transport property to be modeled is the electric current flow across the 
pore.  In case that the bulk concentrations at both ends of the pore are about the same, the 
main contribution to the electric current across the pore arises from advection and 
electromigration [30],  
 , (82) 
where Iadv and Iem denote advective and electromigrational currents, respectively.  The 
advective current stems from the overall convective transports of all cations and anions 
inside the pores as a function of charge density (68) and velocity profile (62).  When 
integrating across the pore cross-sectional area, the advective current can be obtained as  
 . (83) 
The electromigrational current is derived from the current density  J = σ Ez where σ is the 
conductivity of electrolyte solution.  Assuming that the ion-ion interactions are 
negligible, the conductivity can be given as the sum of conductivities associated to each 
ion [19],  
 , (84) 
where Λi denotes the molar conductivity of ion i.  By integrating the current density 
across the pore cross-sectional area, the electromigrational current can be found from  
( ) ( ) ( )pempadvp rIrIrI +=
















 . (85) 
In case of the binary symmetric electrolyte solution, z = z+ = –z-, with both cation 
and anion of the same concentrations at the entrance, the charge density and the 
conductivity of the electrolyte solution inside the pore can be obtained as  
 , (86) 
and . (87) 
Together with the velocity profile obtained previously in (62), the advective current (83) 
and electromigrational current (85) can be given as  
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φ , , (89) 
with the coefficients KIP, KIϕ,adv, and KIϕ,em defined as  
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−Λ= −+∫ ψψπφ . (92) 
Consequently, the current flow in a single pore of radius rp can be modeled as  
















φ , (93) 
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with the electric field Ez and coefficient KIϕ representing  
  (94) 
and ( ) ( ) ( )pemIpadvIpI rKrKrK ,, φφφ += . (95) 
The second transport property appears in forms of the volumetric flow rate Q of 
the solvent, which can be obtained by integrating the velocity profile (62) over the pore 
cross-sectional area as  
 . (96) 
The flow rate can be expressed in the same format as the current (93) as  
















φ , (97) 
with the coefficients KQP and KQϕ defined as  













































It is worth mentioning that the first and second terms in the flow rate expression (97) 
represent the purely pressure-driven flow (PDF) and the purely electrically-driven flow, 
also known as electroosmotic flow (EOF), respectively.   
Assume that the porous membrane has the cross-sectional area Am, in the unit of 
cm2, perpendicular to the flow direction with the porosity φ, tortuosity τ, and mean pore 
radius .  The total volumetric flow rate QƩ and the total electric current IƩ can be 
obtained by summing over all contributions from the individual pores,  
dz
dE φ−=z

























































φ   , (100) 
where the coefficients KƩQP, KƩQϕ, KƩIP, and KƩIϕ are their sum version.  In case of the 
membrane with uniform pore size, these coefficients are given as [24],  
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 , (101) 
where ( )2mp dl=τ  is the pore tortuosity reflecting the additive resistance to the flow 
across the membrane due to the actual length of the pore lp ≥ dm.  From (100), several key 
electro-hydrodynamic transport characteristics can be obtained as the functions of the 
total current, which is measurable, giving that the pressure gradient is approximated as 
the pressure differential ΔP across the membrane divided by the pore length.  The electric 
field Ez and the effective potential Veff across the pores or membrane, for example, can be 






































 . (103) 
In addition, the contribution to the total current from the advection and electromigration 






























































,  . (105) 
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Ultimately, the total flow rate can be predicted theoretically from the applied pressure 






































φ  . (106) 
Correspondingly, the EO-generated pressure defined as ΔP at zero flow rate can be 





















φ  . (107) 
Note the dependency of flow rate and pumping pressure on pore length.   
In an opened circuit condition, IƩ = 0, the purely pressure-driven flow predicted 
by (106) is different from that connoted in (100) due to the second coefficient term in the 
parenthesis.  In fact, this term originates from the potential gradient, not from the power 
supply, but from the pressure-driven flow itself as indicated by the expressions (102) and 
(103).  This signifies that the electric field and potential difference across the pores or 
membrane do not vanish at the absence of the current or power supply, but coexisting 
with the pressure gradient or more precisely with the pressure-driven flow.  This potential 
is the second electrokinetic effect and known as the streaming potential Vstr, which can be 










 . (108) 
Therefore, the flow rate under the opened circuit condition can be rewritten from the 

















−=,  . (109) 
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The term Vstr / lp is the corresponding electric field as can be derived from (102).  As a 
result, the second term in the expression (109) can be viewed as the rate of the flow 
induced electrically and intrinsically in the direction that always opposes to the pressure-
driven flow regardless of the polarity of the charged pores, thus naming as the counter 






















,  . (110) 
 
2.4.2 Impacts of menisci 
The pressure differential across the membrane involves the entire microfluidic 
system where the pump head contributed by the electroosmosis (EO) and the head loss 
imposed by microfluidic structure need to be accounted for as demonstrated by Ai et al. 
[13].  Unlike the previous work [13], the system being investigated in this study engages 
the traveling menisci, and their contribution to the head loss is taken into account.  In 
addition, the influence of cEOF is also emphasized as another potential source of flow 
retardation in the pressure-driven flow.   
Based on the system depicted in Figure 2.8, the pump head, hP, minor head loss, 
hL,minor, and major head loss, hL,major, can be derived from the extended Bernoulli equation 
as  
  , (111) 
given that Pi represents the atmospheric pressure at the inlet, Po represents the constant 
back pressure being supplied at the outlet, ρ is the density of liquid, β is the kinetic 













velocity of meniscus on the outlet side, g is the gravitational constant, Zi represents the 
height of liquid at the inlet, and Zo represents the height of liquid at the outlet.  Since the 
system situates in the horizontal position, Zi = Zo = 0, and the velocities of both meniscus 
are identical due to the liquid incompressibility and mass conservation, the relation 
between the pump head and head loss can expressed as   
  . (112) 
According to Figure 2.8, the pressure rise on the right side of the membrane, PmR with 
respect to that on the left side, PmL, signifies the pump head as  
 . (113) 
Denoting the pressure differential Po – Pi as the gauge back pressure PBP, the pressure 












Figure 2.8 Microfluidic system used for investigating the electroosmotic flow 




 . (114) 













































































In general, the minor head loss occurs when the liquid flows from one region to 
the other with different cross-sectional area and is signified by the geometry-dependent 
loss coefficient, kij for the flow from region i to region j.  According to Figure 2.8, the 
flow across the junctions between tube and joint, joint and port, port and chamber, and 
chamber and membrane can incur the minor head loss with the total contribution of  












kvkh ∑∑∑ ++=  , (116) 
where [Σk] denotes the sum of loss coefficients and  represents the flow velocity for 
which each subscript corresponds to the first alphabet in the aforementioned names of the 
regions that determine the minor head loss.  The sum of the loss coefficients for each 
region can be explicitly expressed as  
  , (117) 
  , (118) 
and [ ] mccmm kkk +=∑  . (119) 
Owing to the liquid compressibility and mass conservation, the volumetric flow rates 
between two regions are the same so that the minor head loss (116) can be expressed as a 
function of flow velocity in the tube  as  
( )major,minor, LLBPmLmR hhPPPP ++=−=∆ ρ
v
[ ] jttjt kkk +=∑




































 , (120) 
given that the tubes and ports have the circular cross-section with the diameter of Dt and 
Dp, respectively.   
Unlike the minor head loss, the major head loss occurs due to the fluidic 
resistance at the surface, and depends on the fluid velocity and its Reynolds number in 
that region.  In the microfluidic system involving the moving interface between two 
different fluids, the pressure drop across each interface also contributes to the major head 
loss,  
 , (121) 
where ΣhL,res and ΣhL,int denote the sum of the head losses due to the fluidic resistance and 
the pressure drop across the moving interface, respectively.  In case of the fluidic 
resistance for the system shown in Figure 2.8, the flow in the tubes and chambers incur 




















Lh +=∑  , (122) 
where Re, L, D, and stand for Reynolds number, length, diameter, and flow velocity for 
which their subscripts comply with the same nomenclature stated previously but for the 
regions that determine the major head loss.  With the consistency of the volumetric flow 
rate as described previously and the definition of Reynolds number,  
 , (123) 
the expression (122) can be rewritten as  




























 . (124) 
The major head loss due to the pressure drop across the moving interface or 
meniscus can be estimated from the equilibrium contact angle, θeq, according to Young-
Laplace equation [31] as  
  , (125) 
where Pg,inter represents the pressure on the gas side of the interface, Pl,inter stands for the 
pressure on the liquid side of the interface, and γ denotes the surface tension of liquid in 
contact with gas.  In practice, the contact angle associated with the moving meniscus 
behaves dynamically and exhibits a hysteresis [32].  It has been shown that this dynamic 
contact angle, θd, depends primarily on the capillary number, Ca, which is defined as  
 , (126) 
and can be used to find the equilibrium contact angle as  
 . (127) 
In the system shown in Figure 2.8, when the liquid flows, both interfaces move in the 
opposite directions forming the receding and advancing menisci.  The receding meniscus 
normally has its equilibrium contact angle between 0 and π/2 in accordance with the 
higher pressure on the gas side.  Therefore, the head loss due the pressure drop across the 


















  , (128) 
where θd,rec represents the dynamic contact angle of the receding meniscus.  In case of the 
advancing meniscus, its equilibrium contact angle is normally between π/2 and π 
corresponding to the higher pressure on the liquid side.  Therefore, the head loss due the 
pressure drop across the advancing meniscus, denoted as hL,int-adv, is given as  
 , (129) 
where θd,adv represents the dynamic contact angle of the advancing meniscus.  Combining 
(128) and (129), the sum of head losses ΣhL,int can be derived as  
 . (130) 




































+= . (131) 
The total volumetric flow rate for the system shown in Figure 2.8 can be 
equivalently expressed as  
 . (132) 
Based on (115), (120), and (131), the expression for the net volumetric flow rate (132) 




























































































































































































































































































This expression reveals that in order for the EO flow to dominate, the net flow between 
those from EO and back pressure must be positive and large enough to overcome the 
pressure drops across both menisci and in microfluidic system.  Otherwise, the flow will 
become stalled.   
The theoretical predictions of the net flow rate and EO-generated pump can be 
fulfilled by solving the equation (133).  Solving for the flow velocity in the tube, , and 
then multiplying by the tube cross-sectional area will ultimately yields the net volumetric 
flow rate.  For the flow with low velocity, Re < 1, it can be shown that the flow rate, 
QƩ,pos, is governed predominantly by the EO, back pressure, and the velocity-independent 












































































On the other hand, the EO-generated pressure, PEO, can be obtained by finding the value 




fact that the flow becomes stagnant when PBP counterbalances PEO.  Substituting  
in (133), the EO pump pressure when the EO flow dominates, denoted PEO,pos, can be 






















Σ  . (135) 
The second term on the right hand side of the equation (135) reveals the influence of the 
pressure drops across both menisci on the EO pump pressure.   
In the second scenario when PBP > PEO, the back-pressure-driven flow dominates, 
and the net volumetric flow rate becomes negative,  
 . (136) 
Since the head loss in the system always impedes the flow of liquid, the pressure 
differential across the membrane (114) needs to be modified such that  
 . (137) 













































































Therefore, the net volumetric flow rate specified in (136) can be found in the same 











































































































































































































By solving (139) for the flow velocity , the net flow rate after compensating for the 
loss in the system can be found as described previously.  For the flow with low velocity, 












































































Furthermore, by substituting  in (139), the EO pump pressure when BP-driven flow 






















Σ  . (141) 
In the other work [13], the loss in the system had been taken into account in terms 
of the fluidic resistance from a long channel or when traveling between two regions of 
different cross-sectional areas.  Their system did not involve any moving menisci.  This 
work extends that analysis to signify the impact of menisci on the flow velocity as 





measurement of flow rate to trace the menisci as will be described in Section 3.4 and will 
be beneficial to other systems that involve the traveling menisci as well.  Table 2.2 
summarizes key electro-hydrodynamic transport characteristics impacted by the menisci.  
In contrast to the PEO,pos derived in (135), the pressure drops across the menisci affect this 
EO pump pressure in the opposite manner.  It is, however, more likely that the 
equilibrium contact angles for the receding and advancing menisci in (135) are similar to 
those in (141).  Therefore, the EO-generated pressure, PEO, can be estimated from the 
average of PEO,pos and PEO,neg as  
  . (142) 
Figure 2.9 shows the characteristic curves of the net flow rates in response to 
various back pressures and the simulated dynamic contact angles.  In this plot, the linear 
continuous curve represents the behavior of EO flow at the absence of meniscus, while 
the curve with discontinuity at the flow stagnation exhibits the influence of menisci on 
the flow rates and pump pressure.  This discontinuity corresponds to the difference 
between the pump pressures derived in (135) and (141) when the flow reverses direction, 
which indicates stall.  Such the stall is due to the net pump pressures regarding either the 
dominating electrically-driven or back-pressure-driven flows cannot overcome to the 
pressure drops across menisci.  In the experiment involving menisci, the EO pump 
pressure obtained at stall more likely might not be accurate unless PEO,pos and PEO,neg are 
also found and used for its estimation as described in (142).   
Like a noise in the system, the pressure drops across menisci corrupt the measured 
flow rate and pumping pressure data.  Incorporating such the impact into the transport 
model not only provides a more accurate description to the pumping characteristics, but 





also offers a mean to filter it out from the measured data.  As to be demonstrated in 
Chapter 4, these mutual advantages allow a smooth transition from the menisci-oriented 
membrane characterization to the menisci-free actuator modeling.   
 
Table 2.2 Parameters used to generate the volumetric flow rate versus back pressure 
characteristic curves in Figure 2.9 incorporating the impact of menisci 
 
Variable Name Symbol Value Unit 
Temperature T 298.15 K 
Bulk concentration Cb 1.00 mol m-3 
Molar conductivity of Na+ ΛNa+ 5×10-3 S m2 mol-1 
Molar conductivity of Cl- ΛCl- 7.6×10-3 S m2 mol-1 
Permittivity ε 7.08×10-10 F m-1 
Dynamic viscosity µ 0.001 Pa s 
Surface tension of NaCl (aq) γ 0.073 N m-1 
Surface charge density σsurf –0.028 C m-2 
Slip length lslip 1.75×10-9 m 
Membrane surface area Am 0.008 cm2 
Porosity ϕ 0.081 Dimensionless 
Tortuosity τ 1 Dimensionless 
Membrane thickness dm 1.5×10-8 m 
Pore diameter rp 1.06×10-8 m 
Receding dynamic contact angle θd,rec 1.40 rad 
Advancing dynamic contact angle θd,adv 1.75 rad 
Current IƩ 1.05×10-4 A 




2.5 Electroosmotic Transport in a Membrane 
In this section, the EO transport mechanism in the solid-state, charged membrane 
and cation-selective, polymeric membrane are considered.  The solid-state, charged 
membrane used in this study is made of the porous nanocrystalline silicon (pnc-Si), while 
the cation-selective polymer is Nafion. 
 
 
Figure 2.9 Theoretical characteristic curve for the electroosmotic flow rates in 
response to various back pressures when accounting for the effect of 
menisci, represented by a line with square, and when omitting the effect, 




2.5.1 Pnc-Si membrane 
The electroosmotic (EO) transport model developed in this section is based 
primarily on the high pore length-to-diameter aspect ratio model derived in Section 2.4.  
To account for the intrinsically low aspect ratio of the porous nanocrystalline silicon 
(pnc-Si) membrane, the correction to the general model by the use of Dagan 
approximation [33] is postulated.  Additionally, the pore size distribution is also taken 
into account when predicting the flow rate.  These modifications to the transport model 
are novel and constitute the main contributions from this work.   
As a candidate for a low-voltage-low-power electroosmotic actuator, the pnc-Si 
membrane is being investigated to characterize its pumping capability.  This pnc-Si 
membrane offers many interesting features including the nano-scaled pore radius about 
tens of nanometers with oxide covering the pore wall, which is then being silanized [34].  
Fundamentally, when an aqueous electrolyte solution fills in the pores, their surfaces 
become negatively charged owing to the deprotonation of the silanol group,  
 
This negatively charged surface attracts nearby positive ions and repels the negative ones, 
forming a diffused layer of ions with net positive charge.  This diffused layer is called the 
electric double layer (EDL).  Depending on the concentration of cation, this EDL 
extending from the pore wall can overlap if the concentration is low enough as indicated 
by the thicker Debye length lDebye,+, the characteristic length of EDL, than the pore radius.  
The Debye length is defined as  









The characterization of electroosmotic pump using pnc-Si membrane is based 
entirely on the electro-hydrodynamic transport theorem described previously in Section 
2.4 with the following modifications.  The first modification is applied to the coefficient 
KQP defined in (98) such that  





































 . (144) 
The purpose of this modification is to compensate for the entrance effect on the 
hydrodynamic flow through the pores with low length-to-diameter aspect ratio as 
introduced by Dagan [33].  It is very important to note that the original expression of 
(144) was proposed to approximate the flow though a thin orifice of finite length in the 
absence of slip.  Therefore, the expression (144) used in this study is the proposed 
correcting term for the model developed in Section 2.4.   
Another modification stems from the variation of pore sizes of the pnc-Si 
membrane [34].  Based on the statistic point of view, the pore size distribution of the 
membrane can be represented by the probability density function fR such that  
 . (145) 
As a matter of fact, the pore radius is finite and usually has its maximum value rp,max.  
Therefore, a truncated version of (145) is introduced as  
 , (146) 




















such that  . (147) 
Equivalently, the probability density function (146) can be given as  
 , (148) 
where n(rp) and n0 denote the number of pores with radius rp and the total number of 
pores, respectively.  Correspondingly, the total flow cross-sectional area of the membrane 
can be formulated as  








ϕπ  , (149) 


















ϕ . (150) 
In this study, the log-normal probability density function is used and given in the form of 
[35]  
  (151) 
with . (152) 
Applying the log-normal pore size distribution to the analysis of electro-
hydrodynamic transport, the total volumetric flow rate and the total current are obtained 
from the expressions for the flow rate (97) and current (93) associated with the individual 
pore radii rp and compensated with pore tortuosity τ as  
































































































with KƩij coefficients, where i  {Q, I} and j  {P, ϕ}, obtained in the same fashion as  









in contrast to those derived in (101).  Note that the coefficient KQP has already been 
modified as expressed in (144).   
In summary, this section provides the transport models specific for the pnc-Si 
membrane by extending those developed in Section 2.4.  The models are modified by 
incorporating the impact of its intrinsically low pore length-to-diameter aspect ratio and 
taking its pore size variation into account.   It is expected that the pore size distribution is 
the major factor dictating the membrane pumping performance.  This expectation is 
based on the fact that the flows generated inside the pores with radii larger than the 
characteristic Debye length are more susceptible to the back pressure.  Also, those 
induced inside the pores with smaller radii are weakened by the overlapped electric 
double layer.  Consequently, the net flow rate is more likely to be lower than that from 
the membrane with uniform pore size.  The similar outcome is also expected even with 
different Debye lengths or equivalently, different solution concentrations since these 
contributions are still summed up in the same fashion as predicted by (153) given that the 
Debye length is within the range of pore radii.  This prediction will become more 





2.5.2 Nafion membrane 
The electroosmotic (EO) transport model developed in this section evolves from 
the high pore length-to-diameter aspect ratio model introduced in Section 2.4.  The major 
modification to the model stems from its cation exchange capability that allows only 
cation to transport across the membrane and leads to the concentration difference across 
the membrane as described in Section 2.3, which is no longer negligible as in the pnc-Si 
membrane case.  Incorporating the existing model that predicts the pore radius, surface 
charge density [36], and pore tortuosity allows the transport properties of Nafion 
membrane to be characterized by only its surface area, thickness, and porosity.  It is 
intriguing that these properties are independent of bulk concentration.   
The polymeric cation-exchange membrane like Nafion is also the promising 
candidate for the low-voltage-low-power electroosmotic actuator.  Unlike other 
homogeneous polymeric membranes, the structure of Nafion membrane contains porous 
networks of hollow spheres linking together via short and narrow channels [37].  
Consider the Nafion in sodium form.  When saturated in water, the surface of these 
spheres becomes negatively charged due to the dissociation of the sodium ions from the 
sulfonate groups,  
+− +→ NaSONaSO 33  
In the investigation of the electroosmotic pumping capability, the Nafion membrane is 
modeled as the nano-porous polymeric membrane with the electro-hydrodynamic 
transport properties as derived in Section 2.4.   
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Particularly, since Nafion is the cation-exchange membrane with highly 
negatively charged surface, only cations are assumed to be able to pass through the 












𝑅𝑇𝜓 = 0. (156) 
The differential equation (156) can be solved analytically by rewriting it using new 
parameters  
 𝑢 = ln 𝑟 (157) 
 𝑣 = 𝑧𝐹
𝑅𝑇
𝜓 − 2 ln 𝑟 (158) 
together with the boundary conditions (60) and (61).  The exact solution is then given as  








�� , (159) 




and  𝜆 = 1 − 4𝜀𝑅𝑇
𝑧𝐹𝜎𝑠𝑢𝑟𝑓𝑟𝑝
 (161) 
Accordingly, the concentration profile of the cation is given as  
 𝑐+(𝑟) = 𝑐𝑏
16𝜆
𝜅2𝑟𝑝2







As described in Section 2.3, the cation-selective capability of Nafion leads to the 
transmembrane concentration when electroosmosis is induced.  Therefore, the 
concentration gradient term cannot be omitted like in the case of pnc-Si membrane.  The 
complete transport theory [23] needs to be considered; it is, however, simplified since 
only cation involves in membrane transport.  The simplification arrives from the linear 
dependency between ion flux density js(r) = j+(r) and current density i(r) = zFj+(r) 
equations.  The transport equations reduce to  
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Notice the independency of bulk concentration in the transport equations.   
Unlike the pnc-Si membrane, the pores of the polymeric Nafion membrane have a 
more uniform pore radius.  The total flow rate can be estimated directly from the 
membrane surface area Am and its porosity ϕ with the ensemble KƩij parameters as 
previously defined in the equation (101).  The membrane transport equation for the 















Δ ln 𝑐 + Δ𝜙�  (167) 
with the pore radius, surface change density [36], and pore tortuosity [38] modeled in 



















−=  , (169) 
and  
ϕ
ϕτ −= 2  , (170) 
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where rp,water, Am,water, φwater denote the pore radius, surface area, and porosity of the 
membrane boiled and equilibrated in water, respectively, ρdry represents the dry 
membrane density, and EW stands for the equivalent weight.  Incorporating (168)–(170) 
reduces the flow rate model of the Nafion to be only the function of the membrane 
surface area, thickness, and porosity.  The membrane surface area and thickness are the 
design parameters, while the membrane porosity is measurable [36] from the wet and dry 






=ϕ  . (171) 
The flow rate can be predicted from the current and concentration difference 









� (Δ𝑃 − 2𝑅𝑇Δ𝑐) + 𝐾𝑄𝜙
𝐾𝐼𝜙
𝐼Σ  (172) 
The first term indicates the flow rate contributed by the osmotic pressure against back 
pressure, while the second term signifies the contribution from the applied current.  For 
the thick membrane, the flow rate is dictated predominantly by the applied current.  On 
the other hand, the thinner membrane permits the contribution from the induced osmotic 
pressure in addition to the applied current.  Under the identical current being supplied, the 
thinner the membrane, the higher the flow rate and the lower energy per unit volume 
pumped.   
Given QΣ = 0, the pumping pressure can be predicted from (172) as  







𝐼Σ − 2𝑅𝑇Δ𝑐  (173) 
The linear dependence of the pumping pressure on the ratio of membrane thickness to its 
surface area prompts the tradeoff consideration whether the flow rate or pump pressure 
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should be maximized.  If designed effectively, the reduction in pumping pressure due to 
the reduced thickness can be compensated by the osmotic pressure being induced.  Note 
that the concentration difference across the membrane can be predicted using the models 
(46), (48), (56), and (58) developed in Section 2.3.  It is worth mentioning that the sign of 
the concentration difference ∆c can be negative or positive depending on the system 
configuration as to be described in more detail in Section 4.2.   
In summary, this section provides the modification to the transport models 
developed in Section 2.4 specifically for the Nafion membrane.  This modified version 
highlights the cation-exchange capability of the membrane which leads to the analytically 
compact form of the models.  Unlike the case of pnc-Si membrane, the pore radius, 
surface charge density, and pore tortuosity can also be modeled and expressed as a 
function of the measurable membrane porosity.  The validity of the developed models is 





Chapter 3 METHODS 
 
In the membrane characterization, the extent of flow rate induced against back 
pressure and the amount of power consumed predominantly govern the performance of 
the electroosmotic (EO) pump.  The measurements of the flow rate and power 
consumption consequently become imperative as the means to evaluate such a 
performance and the membrane capability.  This chapter is then dedicated to the 
methodology exercised in the experiments beginning from the membrane preparation, 
following by the protocols, and concluding with the flow rate measurement technique.  
Also included are the setup for the numerical simulations based on finite element analysis 
and the separate section offering a unique view into the test configurations designed for 
each type of the membranes.   
 
3.1 Membrane Preparation 
The membranes being tested in this study are the ultrathin pnc-Si, thick Nafion, 
and ultrathin Nafion membranes.  The preparation procedures are carefully designed so 
that the repeatability of the experiments is guaranteed. 
 
3.1.1 Ultrathin pnc-Si membrane 
This section covers the preparation procedures for both porous nanocrystalline 
silicon (pnc-Si) and Nafion membranes targeting for their stable performance and the 
enhancement to its properties.  In case of pnc-Si, the membranes are used as received 
from the manufacturer (SiMPore, West Henrietta, NY, USA) without further 
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modification in order to correlate their intrinsic characteristics to the EO pumping 
performance.  Table 3.1 presents the chief characteristics for two types of the membrane 
with different thickness being investigated.  Figure 3.1 portrays the standard pnc-Si 
membrane used in the experiments.  In this regard, the sole preparation process primarily 
involves the membrane pretreatment after being assembled into the electrolyte-filled test 
device and before commencing the experiment to ensure the reproducible outcomes.  The 
pretreatment of pnc-Si membrane is the core subject of Section 3.3.1.   
 
3.1.2 Thick Nafion membrane 
Unlike the pnc-Si, Nafion requires preparation due to its innate insufficiency of 
mechanical strength, which would allow the membrane to deflect adversely.  To augment 
its physical property, providing Nafion with backbone is the technique utilized in this 
study.  This technique is achieved by recasting the Nafion membrane on both sides of 
mesh support using the solution containing the dissolved Nafion resin.  The LQ-1105 
LIQUION solution with 1100 EW at 5 wt % (Ion Power, New Castle, DE, USA) was 
used for the recast Nafion, while two types of woven mesh filter made of Nylon 6/6, part 
number B000FMX3E8, and polypropylene, part number B000FMW8W6 (Small Parts, 
Miramar, FL, USA) were employed as the supporting backbone.  Table 3.2 and Table 3.3 
list their key properties involving in the membrane design.   
Used in the recasting process was a custom-made device composed of a glass 
cylinder with the inner and outer diameters of 7 mm and 9 mm, respectively, situated on a 
glass slide.  Before commencing the process, aliquot of LIQUION solution was pipetted 
onto the area near the base of glass cylinder in contact with the glass slide.  This process 
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allows the solution to fill in and, when dry, seal the gap between the glass cylinder and 
glass slide, thus preventing leakage during the recasting process.  After drying in the 
Table 3.1 Membrane characteristics of porous nanocrystalline silicon associated with 











1 15 8.1 21.1 36.2 4.3 
2 30 7.5 38.9 57.3 8.2 
 
 
Figure 3.1 A circular silicon substrate containing two slots of porous nanocrystalline 
silicon (pnc-Si) membrane with pore characteristics tabulated in Table 3.1.  
The close-up version reveals the wrinkles on the surface of membrane when 





fume hood at room temperature for 10 minutes, a circular mesh with 6.35 mm in diameter 
was placed inside the cylinder on the surface of glass slide as illustrated in Figure 3.2.  To 
prevent the mesh from floating, a small portion of LIQUION solution of 5 µL was 
pipetted to completely cover the mesh.  After about 20 minutes of air dry at room 
temperature, the Nafion film appeared to envelop the mesh threads and adhere on the 
glass surface.  By inspection, the majority of Nafion film formed between the mesh and 
glass surface.   
In succession, a series of coating and drying processes were performed.  A larger 
amount of LIQUION solution of about 10–15 µL was added on to the film-covered mesh 
and allowed to dry in fume hood at room temperature for at least 30 minutes.  The 
Table 3.2 LIQUION solution 5 wt % composition with 1100 equivalent weight (EW) 
and the density of 860 kg m-3 [39]  
 
Composition Weight % Density (kg m-3) 
Nafion 5 1969 [40] 
Water 20 1000 
Isopropanol 75 786 
 
Table 3.3 Specification of the woven meshes with square openings being investigated 
as the candidates to provide the mechanical support for the recast Nafion 
membrane  
 
Material Nylon 6/6 (Nitex) Polypropylene 
Thread diameter (µm) 47 100 
Mesh opening size (µm) 60 105 
Mesh open area (%) 35 25 
Melting temperature (°C) 115 160 




estimated amount of LIQUION solution required to fill all the openings is tabulated in 
Table 3.4.  The additional 30% in volume of the solution was to compensate for the film 
enveloping the out-of-plane part of the mesh threads and the loss at the side wall of the 
glass cylinder.  When the last portion of the solution was added, the Nafion film was 
dried in the oven at 50 °C for 30 minutes to completely evaporate all the solvents and 
then cured subsequently at 100–110 °C for 15 minutes [39].  The cured Nafion film with 
mesh support backbone was cooled down at room temperature for at least 30 minutes.   
 
Figure 3.2 The setting used for recasting thick Nafion membrane with mesh-support 
backbone consists of a glass cylinder, glass slide, and woven mesh filter cut 




It appeared that the color of the Nafion film changed from clear to orange.  Based on the 
observation of the uniform film color on both sides of the membrane, this iterative 
technique yielded the conformal coating of Nafion film around the mesh threads, which 
was then amalgamated at the centroid of the mesh opening to form the membrane active 
areas as shown in Figure 3.3.  The designed thickness of the dry Nafion film in the active 
area is also summarized in Table 3.4.   
The next process involves the membrane pretreatment to promote the dissociation 
of the sulfonic acidic groups and replace hydrogen ions with sodium ions,  
+− +→ HSOHSO 33  
NaSONaSO 33 →+
+−  
This pretreatment process was performed by boiling the Nafion membrane, which still 
remained in the recasting container, in the aqueous solution of 1M NaCl at 80 °C for at 
least one hour.  The principle stems from the fact that boiling makes Nafion swell, which 
Table 3.4 The estimated amount required for recasting the Nafion membrane over the 
circular mesh support with the diameter of 6.35 mm (the 30% extra of 
LIQUION solution was used to compensate for the Nafion films coated the 
out-of-plane part of mesh threads and side wall of the container)  
 
Parameters Nylon 6/6 (Nitex) Polypropylene 
Active membrane thickness 
(µm) 
47 100 
Volume of mesh openings 
per mesh area (µL cm-2) 
1.65 2.50 
LIQUION volume required 
plus 30% extra (µL) 
32 48 






increases the surface area in contact with the sodium chloride solution, thus promoting 
the exchange between H+ and Na+ ions.  In addition, the swelling also stimulates the self-
release of Nafion from the glass surface.  Finally, the membrane was removed from the 
boiling solution and stored at room temperature in the sodium chloride solution of the 
same concentration.   
Section 3.3.2 covers the specific experiment setup configuration for the Nafion 
membrane.  This particular configuration includes the use of plastic gaskets to prevent the 
Nafion film from damage due to the O-ring compressing from the test device assembly.  
Accordingly, only the central part of the meshed Nafion membrane, about 3 mm in 
diameter, is functional.  The last row in Table 3.4 presents the active Nafion surface area 
which excludes the mesh backbone part.   
 
 
Figure 3.3 Images showing the structure of Nitex Nylon woven mesh before and after 
enveloping with Nafion in the recast process.  Also illustrated is the 




3.1.3 Ultrathin Nafion membrane 
The Nafion membrane with the thickness less than 100 nm is prepared by coating 
the diluted LIQUION solution over the pnc-Si membrane.  The LIQUION solution is LQ-
1105 with 1100 EW at 5 wt % (Ion Power, New Castle, DE, USA), which is the same 
solution used in the preparation of the thick Nafion membrane as described in Section 
3.1.2.  The solvent used to dilute the LIQUION solution is 2-propanol (J. T. Baker, 
Phillipsburg, NJ, USA) in reagent grade.  Providing support for this ultrathin Nafion 
membrane, a 30nm-thick pnc-Si membrane with the properties given in Table 3.1 is 
employed.  It is worth noting that the 30nm-thick pnc-Si membrane is much stronger than 
the 15-nm version as it can withstand the membrane shrinkage during solvent evaporation 
and swelling during equilibration in electrolyte solution.   
The suitable ratios of LIQUION solution and 2-propanol are determined by the 
quality of coating after cure.  Basically, too thick coating frequently leads to the breakage 
of pnc-Si membrane due to either shrinkage or swelling of Nafion; too thin coating tends 
to dewet after cure.  The experimenting ratios of LIQUION to 2-propanol are 1:1, 1:2, … 
, 1:9, 1:19, 1:49, and 1:89 including the undiluted LIQUION solution.  The LIQUION 
solution is diluted in 2-propanol in a 1.5-mL polypropylene centrifuge tube, which is 
used with a vortex mixer and as a storage container.   
The coating process requires special techniques to ensure its repeatability and 
uniformity.  A droplet of 1 µL of (un)diluted LIQUION solution is pipetted onto the 
membrane side of pnc-Si membrane chip.  Normally, 1 µL is too small to form a droplet 
out of the pipet tip; the solution tends to adhere to the tip instead.  The technique is to 
keep the pipet tip very close to the membrane while pipetting out the solution.  In this 
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fashion, the solution comes out and spreads nicely over the surface of the membrane.  In 
less than a minute, the solvent begins to evaporate from the perimeter toward the center 
leaving a wavering surface along its path.  It is found that the uniformity of Nafion 
membrane can be attained simply by dissolving the dry membrane again from the other 
side of pnc-Si membrane.  After flipping over the chip, a droplet of 2 µL of 2-propanol is 
pipetted over the grooves.  The Nafion on the other side especially over the pnc-Si 
membrane is dissolved.  When dry, the Nafion membrane attains its uniformity and 
thinner coating than the former process as shown in Figure 3.4.  The unevenly thick film 
around the edge of pnc-Si membrane slots as appeared in Figure 3.4(a) frequently causes 
the underlying pnc-Si membrane to rip apart during rehydrating.   
To ensure the complete evaporation of the solvent, the Nafion-coated pnc-Si 
membrane is baked in the oven at 50°C for 30 minutes and immediately followed by 
curing at 100–110°C for 15 minutes.  The chip is then allowed to cool down to room 
temperature before equilibrating for at least 12 hours in NaCl solution with the 
concentration identical to the NaCl electrolyte solution to be tested.  It is worth noting 
that submerging the entire membrane under solution tends to break the membrane 
particularly when taking out the membrane from the solution.  Instead, the membrane is 
floated in a 1.5-mL polypropylene centrifuge tube of NaCl solution with Nafion-coated 
side in contact with the solution and a droplet of the same solution is pipetted completely 
over the grooves as shown in Figure 3.5.   
The reuse of ultrathin Nafion membrane in the NaCl solution of different 
concentration requires the cleaning of both side of the membrane by soaking in DI water 





Figure 3.4 Nafion film coating on the membrane side of 30nm-thick pnc-Si membrane 
chip: (a) after 1 µL of 1:9 diluted LIQUION solution dry; (b) after being 
dissolved with 2 µL of 2-propanol from the back side and dry. 
 
 
Figure 3.5 Equilibrating the Nafion-coated pnc-Si membrane in NaCl solution by 
floating the chip over the solution with Nafion-coated side in contact with 
the solution, while a droplet of the same solution is pipetted over the top 




the new concentration being investigated for at least 12 hours before testing.  Note that 
another untreated 30nm-thick pnc-Si membrane is used as a control, which is subjected to 
exactly the same equilibration procedures.   
 
3.2 Common Experiment Protocols 
The protocols exercised in the experiments cover both test setup and procedures.  
The first to describe are the protocols common to both pnc-Si and meshed Nafion 
membranes.  These common protocols originate from the controlled parameters 
considered in this study.  Subsequently, the dedicated section is then included to 
emphasize the specific configurations for each membrane so as to achieve its optimal 
performance.   
 
3.2.1 Test setup 
Setting up each experiment run for the most part involves the membrane assembly 
into the electrolyte-filled test device and the arrangement of the measurement tools.  
Figure 3.6 shows the components of the test device (Nanomembranes Group, University 
of Rochester, Rochester, NY, USA) used for both pnc-Si and meshed Nafion membranes.  
The test setup started with the preparation of two coiled electrodes made of pure silver 
with their coiled part coated with the AGCL-675C Ag/AgCl ink (Conductive 
Compounds, Hudson, NH, USA).  The use of Ag/AgCl ink is beneficial in that it 
provides more silver chloride than that obtained from the traditional electroplating since 
this ink when dry will have more surface area due to its roughness.  Then, the ink was 
dried in the oven at 80 °C for one hour to remove all the solvents.  As an indicator, the 
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electrical resistance of the dry ink was similar to the pure silver wire part.  The Ag/AgCl 
electrodes were then inserted into the compartments of the test device.  The silicone plug 
provided a leak-proof seal when all components were assembled as shown in Figure 3.7.  
A foot-long Teflon 1548 tubing (Upchurch Scientific, Oak Harbor, WA, USA) connected 
to each port of the test device had the identical diameter of 500 µm.  It is worth noting 
that two compartments remained separate to facilitate the electrolyte filling in the next 
step.  In this study, the aqueous electrolyte solution used was the sodium chloride 
solution of pH neutral with the concentration chosen specifically for each type of the 
membranes as described in Section 3.3.1 and Section 3.3.2.   
 
Figure 3.6 Pre-assembled test device showing its components – the electrodes made of 
pure silver wire coiled and coated with Ag/AgCl ink, the silicone plug 
preventing leakage from the through hole at the screwed cap end, and two 




A desiccator made the electrolyte filling achievable in vacuum environment 
where the air bubble entrapment was less likely to occur.  At first, a solution-filled 
container was placed inside the desiccator together with all the tubing and both halves of 
the test device, which were positioned in a plastic cup situated at the rim of the container.  
After turning on the vacuum pump, the solution started bubbling up as a harbinger of 
degassing.  The CO2-saturated aqueous solution especially when prepared with deionized 
water was degassed in this fashion so that only the charged ions in the electrolyte alone 
played the leading role in the electroosmosis.  The vacuum pump was turned off after the 
bubbling stopped since two hours had passed.  Then, tilting the desiccator brought down 
the plastic cup from the rim of the container into the solution.  As the liquid poured in, 
 
Figure 3.7 Assembled test device with all tubing connected and liquid filled.  The 




the cup started to sink allowing the test device to gently immerse, thus preventing the 
possible damage upon impact to the bottom of the container.  When all the openings were 
completely submerged, the desiccator valve was gradually opened to regain the 
atmospheric pressure.  As a consequence, the electrolyte then steadily filled in the voids 
of the test device and tubing.  Once the atmospheric pressure attained, all parts were 
inspected, while remained underwater, to ensure no bubbles trapped inside.   
Also performed underwater was the membrane assembly into the test device.  In 
case of the pnc-Si membrane, a droplet of the electrolyte solution was pipetted over the 
membrane on the groove side to avoid air bubble being trapped when submerging the 
membrane.  One of the O-ring was inserted into the holder part of the test device and then 
followed by the membrane.  When the membrane was seated properly, another O-ring 
was placed and sandwiched the membrane.  It is worth noting that in case of meshed 
Nafion membrane, a plastic annular gasket was positioned between the O-ring and 
membrane to prevent Nafion film from damage due to compressing.  At the end, both 
halves of the test devices were assembled and removed from the solution.  The device 
was padded dry and left stationary for at least 12 hours to allow the membrane to soak in 
the electrolyte solution.   
The next step involves the setup of the measurement tools.  After positioning the 
test device on the microscope stage, as illustrated in Figure 3.8, the electrodes were 
connected to an Agilent 33220A arbitrary waveform generator (Agilent, Santa Clara, CA, 
USA).  This waveform generator was served as an adjustable constant voltage source.  In 
case of the pnc-Si membrane, the electric current flow across the membrane was 
monitored by an Agilent 34410A digital multimeter (Agilent, Santa Clara, CA, USA).  
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Alternatively, this digital multimeter was reconfigured and operated as a voltmeter in the 
meshed Nafion experiment.  Both waveform generator and digital multimeter were 
connected to a personal computer and controlled remotely via software.  This software, 
written in C/C++, was developed purposely to control the waveform generator to provide 
a constant DC voltage adjustable from -5 V to +5 V, and simultaneously record the real-
time current readouts from the multimeter.   
In the preparation for flow rate measurement, a precision air pressure regulator 
Type 70, part number 960-130-000 (Marsh Bellofram, Newell, WV, USA) was 
connected to one end of the tube to supply back pressure.  An air filter was also used 
between the regulator and air supply outlet to remove the compressor oil micro-droplets.  
Furthermore, a microscope equipped with a CCD camera (Motic, British Columbia, 
Canada) was used to record the profile and movement of menisci in both tubes.  Figure 
 
Figure 3.8 Experiment setup under microscope for flow rate measurement by tracing 
the menisci.  The red and black clips connect the electrodes to the power 




3.9 demonstrates the second half of the test setup.  Later on, Section 3.4 will describe the 
flow rate measurement in more detail emphasizing the image and data processing.   
 
3.2.2 Test procedures 
The test procedures described in this section apply to both pnc-Si and meshed 
Nafion membranes.  The only major difference stands out in the way of inducing EO 
pump.  In case of the pnc-Si membrane, the EO pump is generated in the potentiostatic 
fashion.  In contrast, the galvanostatic operation is preferred for Nafion.  To 
accommodate the meshed Nafion membrane experiment, the Howland circuitry [41] was 
utilized so that the voltage source was converted to the current source.  It is important to 
 
Figure 3.9 Experiment setup showing the supply of back pressure via the precision air 
pressure regulator connected to one end of the tube.  The CCD camera of 
the microscope is connected to the computer for recording a sequence of 




point out that the test procedures provided in the subsequent paragraphs state the 
application of a constant voltage with the implication of the Howland circuitry usage for 
the Nafion case.   
The test procedures started with presetting the waveform generator and air 
pressure regulator to their initial values.  It was preferred that the membrane was to be 
tested first at the maximum allowable DC voltage and the maximum back pressure being 
investigated.  Once the voltage level was set, but not turning on yet, the pressure regular 
knob was turned to begin supplying the back pressure.  When the desired back pressure 
was attained, the entire test system was monitored for 5 seconds to ensure its stable 
operation before turning on the waveform generator.  It is worth mentioning that in case 
of pnc-Si membrane, once the pressure adjusting knob was turned, the liquid in both 
tubes started to flow.  Care must be taken to ensure that the liquid menisci remained in 
the view of microscope.   
The voltage had been applied for 5 seconds before commencing the measurement.  
Initially, the measurement involved only a series of image captures for the menisci 
position together with a record of the corresponding readouts from the digital multimeter, 
which were to be processed later on.  After 20 seconds of measurement timeframe, both 
waveform generator and pressure regulator were turned off.  The solution was allowed to 
be re-equilibrated for at least 5 minutes before repeating the experiment in the reverse 
direction.  It is worth mentioning that the measurement timeframe for the meshed Nafion 
experiments was 4 minutes.  The criteria of choosing the measurement timeframe 
stemmed from the time the meniscus took to travel such that it remained in view under 
the microscope.   
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Reversing the direction requires the interchange of electrode polarity and the 
relocation of the pressure regulator outlet to the other end of the tube.  Using the 
waveform generator as the constant DC voltage source makes the change of electrode 
polarity as simple as applying the negative voltage.  It requires neither the external 
circuits nor any physical interventions to the electrical connection.  This technique is very 
useful when incorporating with Howland current source so that the direction of the 
applied current can be changed in a similar manner.   
After completing both forward and reverse measurements, the whole procedures 
were repeated at a lower back pressure, but the applied voltage remained unchanged.  
These iterative steps were terminated when all the experiments for zero back pressure 
were completed.  Then the electrolyte was allowed to be re-equilibrated for at least 1 hour 
before resuming the experiments at a lower applied voltage.  Finally, the test procedures 
were concluded after completing all the experiments involving zero applied voltage.  
Figure 3.10 summarizes the test procedures for the pnc-Si membrane experiments.  The 
specific configurations for the test procedures pertain to the meshed Nafion membrane 
experiments are included in Section 3.3.2.   
 
3.3 Specific Experiment Protocols 
This section is dedicated for the specific protocols involving each membrane.  





3.3.1 Ultrathin pnc-Si membrane experiments 
In the experiments concerning the pnc-Si membrane, the concentrations of the 
sodium chloride solution used were 100 mM and 1 mM.  These concentrations are chosen 
such that the electric double layer (EDL) inside the majority of pores will barely not 
overlap.  Table 3.5 summarizes the Debye length, which is the characteristic thickness of 
 
Figure 3.10 Diagram summarizing the test procedures for the pnc-Si membrane 
experiments.  In case of the meshed Nafion membrane experiments, the 
applied voltage Vapplied is replaced by the applied current Iapplied starting 
from 5 mA down to 1 mA with 1 mA decrement.  In addition, the 
measurement time tmeasure becomes 4 minutes, and the supplied back 




the EDL, corresponding to each concentration.  Note that the Debye length is defined by 
the equation (143) where the concentration is in the unit of mol m-3.   
The key configuration specialized for the pnc-Si membrane involves the 
membrane pretreatment process.  Before initiating the test procedures, the membrane 
pores were rinsed by means of the purely pressure-driven flow for at least two hours.  
Comparing between the results from the repeated measurements with and without pore 
rinsing, it was found that after pore rinsing, the measured flow rates were consistent and 
repeatable for a given membrane.  The consistency across the membranes, however, 
remains inconclusive due to the variation in EO pumping performance as a result of the 
degraded electrodes after long period of operation.   
As mentioned in Section 3.2.1, the EO pump was induced in the potentiostatic 
fashion.  Therefore, a constant voltage source was used in the experiments within the 
range from 1500 mV to 0 mV with the step size of 250 mV.  In addition, the supplied 
back pressure spanned from 0.5 psi down to 0 psi with the step size of 0.05 psi.   
In Section 3.2.2, the measurement timeframe was specifically assigned for each 
type of membranes.  Each measurement involving the pnc-Si membrane was conducted 
within the timeframe of 20 seconds.  Depending on the capability of image processing 
technique utilized, as to be described in detail in Section 3.4, the time interval for the 
Table 3.5 Debye length of the electric double layer corresponding to each 











image capture varied with the flow rate.  Table 3.6 summarizes the data acquisition 
parameters governing the flow rate measurement based on the image processing of the 
traveling menisci.  It is worth noting that the abbreviations PDF and EOF stand of 
pressure-drive flow and electroosmotic flow, respectively.   
 
3.3.2 Thick Nafion membrane experiments 
The experiments started with the tests for mesh material compatibility with 
Nafion and high-temperature process.  The mesh supports made of Nylon 6/6 and 
polypropylene were the candidates.  In this initial investigation, three samples of each 
were tested.  Primarily, the tests involved the examinations for the physical damage due 
to heat and the solvents used in the LIQUION solution, and for the potential leakage 
under the purely pressure-driven flow condition.  When the leakage occurs, it is usually 
difficult to identify the sources.  The improper seal between the membrane and O-rings 
could cause the leakage around the edge of membrane.  The poor adhesion between the 
surface of mesh threads and the recast Nafion could lead to the leakage through the 
membrane.  It is also reasonable to hypothesize that the Nafion itself allows a through-
flow under the pressure differential condition probably under a certain circumstances, for 
example, when it is hundreds of nanometer thin.  Therefore, the through flow was 
considered the potential leakage in these experiments when its flow rate under low 
pressure differential, say 0.1 psi, was higher than the lowest nonzero EOF flow rate from 
several measurements using different samples under no load condition.   
Unlike the pnc-Si membrane case, the concentration of sodium chloride solution 
was 1 M.  The principle that justifies this selection stems from the fact that the 
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electromigration dominates the other ion transport mechanisms in the narrow pores of the 
ion-exchanged membrane.  Accordingly, the EO pumping performance is proportional to 
the ohmic current, and a much higher concentration is required to reduce the resistance of 
solution in order to achieve low power operation.   
To maintain a steady EO pump, the experiments were conducted in the 
galvanostatic manner.  The Howland current source [41] was used to drive a constant 
current across the membrane.  The range of currents supplied was from 1 mA to 5 mA 
with the step size of 1 mA.  The back pressures under the investigation were 0 and 5 psi 
since it was observed that the meshed Nafion membrane prohibited the purely pressure-
driven flow.  The back pressure was applied as high as the test device could tolerate and 
no leak occurred.   
In Section 3.2.2, the measurement timeframe was specifically assigned for each 
type of membranes.  Each measurement involving the meshed Nafion membrane was 
conducted within the timeframe of 4 minutes.  Depending on the capability of image 
processing technique utilized, as to be described in detail in Section 3.4, the time interval 
for the image capture varied with the flow rate.  Table 3.7 summarizes the data 
Table 3.6 Data acquisition parameters for the flow rate measurements based on the 
image processing of the traveling menisci in the pnc-Si membrane 





time interval (s) 
Number of  
data points 
Purely PDF or  
EOF without load 
2 10 
EOF with load 4 5 




acquisition parameters governing the flow rate measurement based on the image 
processing of the traveling menisci.   
It is worth recapitulating that the annular plastic gaskets were used to protect the 
Nafion film from the compressing O-rings.  As a result, only the central part with a 
diameter of 3 mm was functional.   
 
3.3.3 Ultrathin Nafion membrane experiments 
The specific design of experiment for the ultrathin Nafion membrane involves the 
investigations under various concentrations of NaCl solution in comparison to an 
untreated 30nm-thick pnc-Si membrane, which is used as a control.  The concentrations 
being examined are 1000 mM, 100 mM, 10 mM, and 1 mM, covering a wide range of 
ionic strengths in which the peak pumping performance is expected.  Note that the 
membrane treatment when changing to the different concentration is described previously 
in Section 3.1.3.   
The ultrathin Nafion membrane and the control are tested in a galvanostatic 
fashion with the range of applied currents determined by the concentration of electrolyte 
Table 3.7 Data acquisition parameters for the flow rate measurements based on the 
image processing of the traveling menisci in the meshed Nafion membrane 





time interval (s) 
Number of  
data points 
Higher flow rate 
(Iapplied = 5 mA) 
2 120 
Lower flow rate 





and period of measurement.  For the measurement window from 2 to 4 minutes, the range 
of applied currents for a given concentration is summarized in Table 3.8.  The operating 
currents tabulated in Table 3.8 are guaranteed that the rising cell voltage will not exceed 
1.229 V, which is the theoretical limit of initiating the electrolysis of water and 
subsequently the adverse bubble formation, for the entire duration of flow rate 
measurement.  Additionally, this measurement window allows both menisci to always be 
in the view of microscope.   
Similar to all other membranes considered in this study, the pumping flow rate 
against back pressure is measured.  The back pressures being examined for the ultrathin 
Nafion membrane range from 0 to 0.5 psi with the increment of 0.1 psi.  This range of 
back pressures is much lower than that tested with the thick Nafion membrane since it is 
observed that the thinner Nafion membrane permits pressure-driven flow.   
 
3.4 Flow Rate Measurement by Menisci Tracing 
Tracing menisci is the method adopted for measuring the volumetric flow rate in 
these experiments.  It was carried out by means of image processing to compute the 
displacement of each meniscus.  In the process, the subtractive analysis had proven to be 
a robust and autonomous approach in determining the direction and distance the menisci 
traveled.  When the tubes and microscope were held stationary, subtracting a pair of 
juxtaposed images evidently revealed the distance traveled.  The traveling direction was 
determined by applying this subtractive analysis to a sequence of images.  Figure 3.11 
illustrates this image processing technique and the outcome.   
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Applied current (µA) 
Min. Max. Increment 
1000 0 2000 500 
100 0 750 250 
10 0 50 25 
1 0 7.5 2.5 
 
Multiplying the distance obtained from each pair of images by the tube cross-
sectional area yielded the instantaneous volume of liquid flowed during each capture time 
interval.  This time interval was held constant for a given experiment configuration, but 
could be different depending on the capability of the subtractive analysis algorithm in 
quantifying the change of menisci position.  Occasionally, the time interval longer than 
the specified was required for the low flow rate.  For a constant period of measurement, 
the number of data obtained was lower accordingly.  The specific measurement 
timeframe and the capture time intervals including the associated number of data points 
for the pnc-Si and meshed Nafion membranes are summarized in Table 3.6 and Table 
3.7, respectively.   
For a given number of data points, the mean and standard deviation of these 
instantaneous volumes can be obtained.  Dividing these mean and standard deviation by 
the constant capture time interval gave the mean volumetric flow rate and the 
corresponding standard deviation.  In addition, the same statistic was also obtained for 
the associated current/voltage logged during the experiment with the exception that the 
calculation of mean and standard deviation was based on the number of data points being 
recorded every 200 ms during the measurement timeframe.   
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It is worth noting that the ease of this flow rate measurement method comes with 
the cost of complex analysis due to the head loss associated with each meniscus.  This 
head loss in forms of the pressure drop across the meniscus can be determined from its 
contact angle as described in Section 2.4.2.   
 
 
Figure 3.11 Black-and-white images obtained from the subtractive analysis utilized to 
identify the flow direction and determine the volumetric flow rate.  The 
corresponding color image with timestamp in each row is the raw image 
captured by the microscope CCD camera.  The symbols t1 – t0 and t2 – t1 




3.5 Contact Angle Measurement 
The measurement of the meniscus contact angle plays a beneficial role in 
determining the pressure drop across it without the need for any pressure sensors or the 
complex test setup.  The measurement method utilized in this study is based on the image 
processing by means of the meniscus contour fitting.  The fundamental principle shares 
the same foundation as the least square curve fitting.  The objective is to find the radius 
of curvature best fit to the meniscus profile in the least square sense so that the profile 
can be reconstructed in the localized Cartesian coordinate system.  At the points of 
contact where the circular contour intersects the tube boundary, the contact angle θc can 
be found as the angle made between the line tangential to the contour at either one of the 
contact points and the tube boundary.  Figure 3.12 illustrates the technique.  It is worth 
noting that the contact angle is the angle made through the liquid and can be obtained 
distinctly depending on the concavity of the meniscus profile.  By definition, the profile 
is referred to as convex when the center of the reconstructed circle is inside the liquid.  
Otherwise, it is called concave as depicted in Figure 3.13.   
In the processing of images captured from the experiments, the contact angle was 
calculated by utilizing the conic section methodology.  Based on the fact that a line 
segment joining the center of circle and the point of tangent is always perpendicular to 
the tangent line, the contact angle could be deducted as shown in Figure 3.13.  
Equivalently, it was carried out straightforwardly in the localized Cartesian coordinate as 






























πθ , (174) 
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where the plus and minus signs were for the convex and concave profiles, respectively.   
For a given sequence of images, a set of contact angles were obtained.  Due its 
dynamic behavior, the variation was quite noticeable.  Therefore, instead of the average, 
the median was used to calculate the pressure drop across the associated meniscus.   
 
Figure 3.12 Contact angle measurement from the fitted circular contour of a meniscus.  
The contact angle θc is defined as the angle between the tube surface and 
the tangent to the contour at the contact point measuring through the liquid.   
 
 
Figure 3.13 Contact angle computation for the meniscus of different concavity.  The 
coordinates (x0, y0) and (x1, y1) are the center of the fitted circular contour 
and the point of contact, respectively.  The contact angle θc is defined as the 
angle between the tube surface and the tangent to the contour at the contact 





3.6 Finite Element Analysis of Electric Field inside a Nanopore 
Besides the experimental measurements, the numerical simulations are also 
performed to further elucidate the behavior of the applied electric field inside a single 
nanopore and each nanopore of ultrathin nanoporous membrane.  With the use of finite 
element analysis software, COMSOL 4.3a, the simulations focus on characterizing the 
relationship between the electric field strength and pore length-to-diameter aspect ratio.  
In the first part, the electric field inside a set of single nanopores with identical diameter, 
but different lengths, is investigated.  Taking advantage of pore symmetry, the 
simulations are carried out in two dimensional (2D) cylindrical coordinates with axial 
symmetry.   
The second part is dedicated to the study of electric field being applied across an 
ultrathin membrane having three nanopores.  Analyzing such a membrane offers a more 
realistic view of electric field in each orifice-like nanopore and also substantiates the 
findings when simulating the nanopore individually.  Unlike the first part, the simulations 
need to be performed in three dimensional (3D) Cartesian coordinates.   
 
3.6.1 2D simulations of a single nanopore 
The domain assigned for the 2D simulations with axial symmetry consists of a 
half nanopore from its centerline to pore wall, two reservoirs on either side, and two 
electrodes on the reservoir boundaries.  The entire domain contains the aqueous NaCl 
solution.  The concentrations cb being investigated are 1000 mM, 100 mM, 10 mM, 1 
mM, and 0.1 mM.  The nanopore has the radius rp of 10.55 nm, which is the mean pore 
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size of 15nm-thick pnc-Si membrane.  For a variety of pore aspect ratios representing an 
orifice-like nanopore toward a long nanopore, the lengths lp of nanopore are 15 nm, 150 
nm, and 1500 nm.  Figure 3.14 depicts the domain just described.   
The stationary solutions are obtained via finite element analysis using a fully 
coupled, direct solver from a commercial software COMSOL version 4.3a.  Based on 
COMSOL 4.3a, the physics used in the simulations are Electrostatics, Transport of 
Diluted Species, and Electric Currents.  The Electrostatics and Transport of Diluted 
Species physics formulate the Poisson-Nernst-Planck equations describing the profiles of 
Na+ and Cl- concentrations and the intrinsic potential ψ over the charged surface of pore 
wall and membrane.  The Electric Currents physics relate the applied electric field to the 
conductivity of the electrolyte solution via Ohm’s law.  These three physics are coupled 
together via the conductivity term since it is a function of Na+ and Cl- concentrations.   
The domain settings and boundary conditions need to be specified for each of 
these physics.  Staring from the Electrostatics physics, the initial value of the intrinsic 
potential ψ is set to 0 V with respect to the potential at electrodes.  As indicated in Figure 
3.14, the instrinsic potential ψ at both electrodes along the boundaries AB and GH is then 
set to 0 V accordingly via the Electric Potential nodes.  To specify that the domain 
contains NaCl solution, the Space Charge Density node needs to be set to the volume 
charge density F(c+ – c-), where F, c+, and c- denote Faraday’s constant, Na+ 
concentration, and Cl- concentrations, respectively.  The last boundary condition to be 
specified is the surface charge density, which is set via Surface Charge Density node.  
The value of surface charge density is computed separately, not done in COMSOL, using 
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the charge regulation principle.  Note that the default values are used for the Charge 
Conservation, Axial Symmetry, and Zero Charge nodes.   
In the Transport of Diluted Species physics, the properties of Na+ and Cl- ions are 
specified such that their velocity field is set to zero according to the conventional frozen 
EDL assumption [30], their electric potential is coupled to the Electrostatics physics, and 
their mobility is based on Nernst-Einstein relation.  All of these parameters can be found 
in the Convection, Diffusion, and Migration node.  In the Initial Values node, their initial 
concentrations are set to the bulk value cb.  At the boundaries AB and GH, their 
concentrations are set as constant at the bulk value cb via the Concentration node.  On the 
other hand, the symmetry boundary condition is used instead along the boundaries BC 
and FG to represent the extending reservoirs.  The remaining Axial Symmetry and No 
Flux nodes use the default values.   
 
Figure 3.14 Diagram illustrating the geometry of domain and boundary conditions used 
in the 2D simulations of the applied electric field.  The boundary DE 
represents pore wall, while CD and EF outline the membrane.  The 
reservoirs are on either side of membrane with electrodes on their 




Lastly, the domain settings and boundary conditions on the voltage due to the 
externally applied voltage Vapp are specified in the Electric Currents physics.  Its initial 
value is set to 0 V in the Initial Values node.  In each of Electric Potential nodes, the 
potential of -Vapp/2 is specified at cathode on the boundary AB while that of Vapp/2 is 
given at anode on the boundary HG.  In the Current Conservation node, the value of 
electrical conductivity is given as a function of Na+ and Cl- concentrations as Λ+c+ + Λ-c-, 
where Λ+ and Λ- represent the ionic conductivities of Na+ and Cl-, respectively.  The 
default values remain in use for the Axial Symmetry and Electric Insulation nodes.   
To obtain mesh-independent solutions, the automatic grid refinement feature is 
activated in the Study setup.  The effective way to capitalize this feature depends on the 
initial mesh setup.  In all 2D simulations, the normal mesh is initially used; coarse mesh 
tends to cause a problem when solving Poisson-Nernst-Planck equations as the finer 
mesh is usually required near the charged boundaries.   
When the computation is complete, the axial component of electric field from the 
Electric Currents physics is examined altogether with the concentration profile of Na+ 
ions.  The 2D plots of the profiles of electric field and Na+ concentration are very useful.  
It is worth noting that the concentration profile of Na+ represents the EDL that screens 
the charged boundaries.   
 
3.6.2 3D simulations of an ultrathin nanoporous membrane 
Consider a domain consisting of an ultrathin membrane with three nanopores 
flanged by reservoirs and electrodes.  The membrane has a thickness of 15 nm and its 
three nanopores with 5 nm, 15 nm, and 30 nm in diameter.  The domain geometry is 
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constructed in 3D since the 2D cylindrical coordinate with axial symmetry is no longer 
valid; the Cartesian coordinate is employed instead.  Meshing such the geometry is also 
different from the 2D counterpart in which mesh refinement is affordable.  To reduce the 
computational complexity, the refined mesh is used only in the region near the entrance 
of nanopores while the coarse mesh is used elsewhere.   
Besides the differences in geometry and meshing, the simulations of the applied 
electric field inside each orifice-like nanopore of an ultrathin membrane are established 
on the same set of COMSOL physics, domain settings, and boundary conditions as used 
in the study of single nanopore.  The exception is that the surface charge density is no 
longer a function of pore radius; assuming a fixed charge on the membrane and pore wall 
of all nanopores instead.   
It is important to note that solving for the stationary solutions especially of 
Poisson-Nernst-Planck equations in 3D coordinate requires the use of fully coupled, 
direct solver as in the 2D case.  The default aggregated iterative solvers are most likely to 
cause errors in the simulations.  Solving the physics individually by iterative methods and 
then assembling the solutions before continuing to solve the next physics do not work 
well when both boundary conditions are Neumann.  The use of direct solver, however, 





Chapter 4 RESULTS AND DISCUSSION 
 
Presented and examined in this chapter are the data obtained from the electro-
osmosis (EO) experiments for the porous nanocrystalline silicon (pnc-Si), meshed 
Nafion, and Nafion-coated pnc-Si membranes.  The data involving their pumping 
characteristics are first to be shown and investigated to find a suitable candidate for the 
microsystem being studied with the specified back pressure and target operational flow 
rates.  This part of the investigation also emphasizes on the propensity of the lowest 
power consumption.   
 
4.1 Electric Field in Orifice-Like Nanopores of Ultrathin Membranes 
The magnitude of the axial electric field within the charged nanopores of a 
membrane determines the flow rate and pumping pressure of an electroosmotic actuator.  
Unlike in the dielectric media, the electric field in the electrolyte solution depends not 
only on the gradient of electric potential, but also the current density.  Reducing the 
membrane thickness to gain higher field strength inside its orifice-like nanopores will not 
be straightforward if the current density in each nanopore is also decreased as described 
by Ohm’s law.  In this section, the simulation results from finite element analysis and the 
analytical results illustrate an intriguing relationship between the electric field strength 
and the pore length-to-diameter aspect ratio λ.  The comparison of its field lines within 




Figure 4.1 The results from the COMSOL simulations for an axisymmetric nanopore, 
showing a close-up from its centerline to pore wall, indicate that the 
converging and diverging field lines at the pore entrance and exit affect the 
field lines in the mid-pore region of an orifice-like nanopore (λ < 1) more 
than the longer ones (λ ≥ 1).  Consequently, the axial components of 
electric field within the orifice-like nanopore are less uniform, thus giving 
its average value lower than the estimate assuming uniform field like in the 
longer nanopores.  This figure is resulted from [42].   
 
The results from the finite element analysis shown in Figure 4.1 indicate that the 
applied electric field is influenced by Dukhin number Du – the ratio of EDL thickness to 
pore radius – and pore length-to-diameter aspect ratio λ as predicted analytically [42] as  
 𝐸𝑖
𝐸m







  (175) 
where the subscript i denotes the local value specific to each nanopore.  This 
characteristic arises from the sensitivity of electric field to the conductivity of electrolyte 
solution within the charged pore.  It is more evident at high bulk concentrations than at 
low concentrations.  In the first row of Figure 4.1 where Du ≪ 1, usually at high 
concentration, the majority of the nanopore contains the bulk solution and its 
concentration is almost uniform regardless of the pore aspect ratios λ.  For the moderate 
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value of Du as in the second row of Figure 4.1, the EDL becomes thicker toward the mid-
pore region than near either ends, which are directly influenced by the bulk.  The 
conductivity in the middle of the pore is then diverse from that at the pore ends.  At high 
Du as in the third row of Figure 4.1, the overlapped EDL is observed such that the 
electrolyte within the charged nanopore, regardless of λ, is screened from the bulk; the 
conductivity around both ends is dictated only by that in the middle instead.  As a result, 
the conductivity across the nanopore varies slightly from that in the mid-pore region.   
In the view of λ, the axial component of the intrapore electric field is weaker 
along the centerline of an orifice-like nanopore than closer to the pore wall, and becomes 
uniform as the nanopore is lengthened.  The first column of Figure 4.1 indicates that the 
converging and diverging field lines at the pore entrance and exit affect those in the 
middle of the pore.  Averaging the electric field over the cross-sectional area of a short 
pore will result in a significantly lower estimate than conventionally assuming a uniform 
field.  Note that such dependency of electric field on the pore λ is valid irrespective of 
Du.  The results of 3D simulation in Figure 4.2 for an ultrathin membrane with multiple 
orifice-like nanopores substantiate this finding.  Furthermore, with the nanopore density 
examined in the simulation, no pore-to-pore interaction is observed given that all pores 
are distributed uniformly without loss of generality.  The similarity in nanopore density 
of the membranes used in the simulation and experiment thus indicates that each 
nanopore of pnc-Si membrane can be treated independently in the analysis.  It is worth 
noting that shifting the pores closer results in the asymmetrical profiles of the electric 
field inside the nanopores.   
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As illustrated in Figure 4.2, the applied electric field varies among the orifice-like 
nanopores of the 15nm-thick membrane, thus agreeing with the finding obtained by the 
2D simulations using a single nanopore.  It can be concluded that the electric field in the 
orifice-like nanopores of ultrathin membrane does not scale uniformly with the 
membrane thickness like in the thick membrane, but with the local value of λ for each 
nanopore as indicated by (175).  Such weaker field will lead to the weaker EO pumping 
pressure than traditionally expected.   
 
4.2 Analysis of Electroosmotic Transport 
This section covers the analysis of the transport phenomena involving the 
electroosmotic (EO) pumps against various back pressures.  The analysis aims at 
 
Figure 4.2 COMSOL simulation based on 3D finite element analysis reveals a 
variation of electric field among the membrane nanopores of different pore 
length-to-diameter aspect ratios.  The left panel shows the concentration 
profile of the EDL, while the right panel shows the corresponding profile of 




evaluating the results from the theoretical predictions and the experiments.  All the 
parameters used in the theoretical models and calculations are also included and 
described in detail.   
 
4.2.1 Ultrathin pnc-Si membrane 
As described in Methods Sections 3.1 and 3.2, the pnc-Si membranes with the 
thickness of 15 nm and 30 nm were tested using 100 and 1 mM NaCl solutions.  These 
concentrations were chosen such that the electric double layer (EDL) did barely not 
overlap for the cylindrical pore model as computed in Table 3.5.  Figure 4.3 shows the 
experiment data of the measured flow rates at various applied back pressures for the 
15nm-thick pnc-Si membrane and 1 mM NaCl solution.  In the graph, each symbol is a 
data point representing the arithmetic mean of the instantaneous flow rates, and the error 
bar correspondingly depicts the standard deviation.  The derivation of mean and standard 
deviation is described in Section 3.4.  The positive flow rate represents the flow against 
the back pressure, while the negative flow rate indicates the flow in the direction opposite 
to the intended by EOF.  As shown in Figure 4.3, when the linear curve fitting is applied 
to the positive flow rate data and also to the negative one separately, the discontinuity in 
each characteristic curve becomes evident.  This is due to the impact of the pressure 
drops across menisci and the applied back pressure as described in Section 2.4.2.  This 
continuity can be viewed as stall when the net pressure on the liquid cannot overcome the 
pressure drops across menisci.  In addition, regardless of the flow direction, the 
magnitude of flow rates appears to be lower than that obtained without menisci.  It is 
worth noting that the flow rate data for the applied voltages of 0 and 250 mV are not 
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shown in Figure 4.3 because the number of positive flow rate data is not adequate for the 
separate linear curve fitting that reveals the discontinuity.  Figure 4.4 offers the complete 
view of all measured flow rates.   
To compensate for the impact of menisci, the contact angles between menisci and 
the tubes are measured as illustrated in Section 3.5 and used to calculate the 
corresponding head loss as described in Section 2.4.2.  Figure 4.4 shows the comparison 
between the uncompensated and compensated flow rates theoretically predicted.  These  
 
Figure 4.3 The characteristic curves showing the flow rates versus the applied back 
pressures obtained from the experiments using the 15nm-thick pnc-Si 
membrane and 1 mM NaCl solution.  The linear curve fitting is performed 
for either positive or negative flow rates separately, revealing the 






Figure 4.4 Comparison between uncompensated and compensated theoretical flow 





theoretical predictions are based on the derivations developed in Section 2.4–2.5 together 
with all the parameters used in the model, which are tabulated in Table 4.1 at the end of 
this section.  In Figure 4.4, the solid lines represent the results from the theoretical 
predictions, while the symbols are the experiment data.  As indicated by the calculated R2 
values shown in the legend, the theoretically predicted flow rates with compensation 
satisfactorily coincide with the experiment data.  It is important to note that the surface 
charge density and the slip length are the fitting parameters.  Their values as listed in 
Table 4.1 are reasonable since the surface charge density of –28 mC m-2 and the slip 
length of 1.75 nm are within the typical ranges for the fused silica surface as reported by 
[43] and [44], respectively.   
The positive flow rates obtained from the experiment and theoretical prediction 
with compensation exhibit the discernible degree of discrepancy as observed in the 
compensated version of Figure 4.4.  Such discrepancies might arise from the limitation of 
the model (144) when predicting the flows governed by EOF since this model is based 
primarily on Dagan approximation of the flow through the thin, uncharged orifice [33].  
On the other hand, it is evident that the model best describes the flows when the PDF 
dominates EOF for the applied voltages up to 1250 mV including the purely PDF.  This 
characteristic indicates that at low applied voltages where the EO effect is weak, the 
charged pnc-Si membrane behaves in the same fashion as the thin, uncharged orifice 
superimposed with the electrokinetic effects.  As described in Section 2.4, such effects 
appear in forms of the counter EOF (cEOF) due to the streaming potential.  It is worth 
noting that the mismatch at 750 mV of the applied voltage might originate from the 
measurement error.   
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Figure 4.5 shows the EO-generated pumping pressures obtained from the 
experiment and theoretically predicted.  These pressures correspond to the back pressures 
at stall.  Due to the impact of menisci, each EO-generated pressure is obtained by 
averaging as guided by the expression (142).  As indicated by the calculated R2 value, the 
theoretically predicted pumping pressures are closely matched with the extracted ones 
from the experiment data.   
Figure 4.6 contains the information regarding the range of currents involved in the 
EO pump for the equations (106) and (107).  Together with Table 4.1, all the necessary 
parameters are included for regenerating the theoretically predicted flow rates and 
 
Figure 4.5 Graph showing the relation between the EO-pumping pressure generated by 
pnc-Si membrane and the electric current in the system as predicted 





pumping pressures shown in Figure 4.4 and Figure 4.5.  Beside the fitting parameters σsurf 
and lslip, it was assumed that the pore tortuosity of the pnc-Si membranes was unity 
without loss of generality.   
 
4.2.2 Thick Nafion membrane 
The experiments involving meshed Nafion membranes were conducted in the 
same fashion as the pnc-Si membranes with the exceptions summarized in Section 3.3.2.  
In the experiments, the initial investigations commenced with the compatibility study of 
the mesh material with the Nafion and recasting process.  The mesh supports made of 
Nylon 6/6 and polypropylene were the candidates.  Three samples of each were tested.   
 
Figure 4.6 Current versus applied voltage plot for the experiments involving the 15nm-




Based on physical examination, all six samples survived the high temperature 
process, and no damage from the solvents used in the LIQUION solution could be 
identified.  According to the leak test, it was found that all three of 47µm-thick Nylon 6/6 
mesh passed the test with no through flow detected.  On the other hand, all three of 
100µm-thick polypropylene mesh allowed the through flows with the flow rates 
significantly higher than the threshold defined in Section 3.3.2.  It was suspected that the 
Table 4.1 Parameters used in the theoretical characterization of the electro-
hydrodynamic transport in pnc-Si membrane 
 
Variable Name Symbol Value Unit 
Temperature T 298.15 K 
pH - 7 Dimensionless 
Bulk concentration Cb 1.00 mol m-3 
Molar conductivity of Na+ ΛNa+ 5.0×10-3 S·m2 mol-1 
Molar conductivity of Cl- ΛCl- 7.6×10-3 S·m2 mol-1 
Permittivity ε 7.08×10-10 F m-1 
Dynamic viscosity µ 0.001 Pa·s 
Surface tension γ 0.073 N m-1 
Surface charge density 
(fitting parameter) 
σsurf –0.028 C m-2 
Slip length 
(fitting parameter) 
lslip 1.75×10-9 m 
Membrane surface area Am 0.008 cm2 
Porosity φ 0.081 Dimensionless 
Tortuosity τ 1 Dimensionless 
Membrane thickness dm 1.50×10-8 m 
Mean pore radius  1.06×10-8 m 
Standard deviation of pore radii σp 2.15×10-9 m 





hydrophobic property of the polypropylene hindered the adhesion of the Nafion on its 
surface even though more LIQUION solution was added to ensure the complete average.   
In the flow rate measurements, the experiment results exhibiting flow rates versus 
back pressures are shown in Figure 4.7 along with those predicted theoretically.  Each 
symbol corresponds to the data point, which is the arithmetic mean of the instantaneous 
flow rates, and the error bar correspondingly depicts the standard deviation.  These 
statistics are computed from a given number of collected data as summarized in Table 
3.7.  Furthermore, the solid lines represent the results from the theoretical predictions 
according to the models developed in Section 2.5.2 but with the use of no slip boundary 
condition.  The parameters used in the models are tabulated in Table 4.2, which is 
included at the end of this section.   
It is important to note that only the membrane porosity was used as a fitting 
parameter.  In addition, it was assumed that the membrane surface area and porosity 
remained unchanged regardless of whether the membrane was boiled and equilibrated in 
pure water or in 1 M NaCl solution.  This assumption is based on the fact that the 
membrane was physically fixed by the mesh backbone so that the membrane could no 
longer be stretched.  As a result, the membrane surface area and the corresponding 
porosity should remain the same.  According to the equation (168), this assumption also 
leads to the calculated pore radius of 2.75 nm, which is equivalent to that of the Nafion 
membrane in pure water [45].  According to Figure 4.7, it appears that the predicted flow 
rates satisfactorily characterize the EOF against the applied back pressure.  In contrast to 
the pnc-Si membrane, the experiment data for the meshed Nafion membrane does not 
have negative flow rate as it prohibits a through flow under the pressure differential 
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condition.  The complete blockage of such a through flow offered by 47µm-thick Nafion 
membrane was experimentally verified for the applied pressure up to 34.47 kPa or 5 psi.  
Owing to its capability to overcome such high back pressures, the impact of menisci on 
the flow rates became negligible.  Unlike the pnc-Si membrane case, the close match 
between the uncompensated flow rates predicted theoretically and the experiment data 
convincingly indicates such negligible impact of menisci as demonstrated in Figure 4.7.   
The resistance to the pressure-driven flow was also observed in the nanofiltration 
utilizing Nafion membrane [46].  It appeared that the resistance could be overcome when 
 
Figure 4.7 Graph showing the characteristic curves obtained from the experiments for 
the electroosmotic flow rates in response to various back pressures applied 
against the flow generated by the Nylon-meshed Nafion membrane.  The 





Figure 4.8 The flux of water transported by the electroosmosis across a 47µm-thick 
meshed-Nafion membrane is compared to those obtained by the 
electroosmosis [16] and pressure-driven flow [46] across the thicker Nafion 
membranes (140 µm for Nafion 425 and 183 µm for Nafion N117).  The 
high resistance to the pressure-driven flow ensures a constant EO flow rate 
upto a certain pressure threshold; beyond that threshold, the flow of water 
can be pressurized through the membrane.  The results indicate that the 
electroosmosis is the preferred method of transporting the water across the 
Nafion membrane and the thinner the membrane, the higher the flux.   
 
the applied pressure exceeded a certain threshold.  As reported by Chowdhury et al. [46], 
the very high pressure of at least 878 kPa or 127 psi was required to pump the water 
through a 183µm-thick Nafion N117 membrane.  In contrast, the electroosmosis was in 
favor of the transport of water across the membrane as demonstrated in Figure 4.8.  It was 




Figure 4.9 Voltage versus applied current plot for the experiments involving the Nylon-
meshed Nafion membrane with 1 M NaCl solution.  The solid line shows 
the linear curve fitting with the slope of 75.51 in the unit of ohms. 
 
constant EO flow rate against the entire range of back pressures below such threshold; 
beyond that threshold, the EO would need to pump against the pressure in excess of that 
threshold value.  Figure 4.9 showing the current-voltage characteristic curve for the test 
system is also included as reference.   
 
4.2.3 Ultrathin Nafion membrane 
Before characterizing the EO transports, it is important to determine the suitable 
ratios of dilution that produce the dry Nafion membranes of thickness less than 100 nm.  
The judging criteria are based on the observation of a droplet of electrolyte solution, 
introduced in the membrane equilibration process described in Section 3.1.3, over the 
115 
 
Table 4.2 Parameters used in the theoretical characterization of the electro-
hydrodynamic transport in Nafion membrane 
 
Variable Name Symbol Value Unit 
Temperature T 298.15 K 
pH - 7 Dimensionless 
Bulk concentration Cb 1000 mol m-3 
Molar conductivity of Na+ ΛNa+ 5.0×10-3 S·m2 mol-1 
Permittivity ε 7.08×10-10 F m-1 
Dynamic viscosity µ 0.001 Pa·s 
Slip length lslip 0 m 
Membrane surface area Am 0.025 cm2 
Membrane thickness dm 4.7×10-5 m 
Mean pore radius  2.75×10-9 m 
Porosity 
(fitting parameter) 
φ 0.33 Dimensionless 
Surface charge density, 
calculated from eq. (169) 
σsurf –0.451 C m-2 
Tortuosity, 
calculated from eq. (170) 
τ 5.06 Dimensionless 
 
pr
groove area of pnc-Si membrane chip.  In a closed environment like in the capped 
centrifuge tube, it was found that the droplet disappeared from the untreated pnc-Si 
membrane – the control membrane – within 3 hours, but remaining on a solid silicon 
surface for an entire week of observation.  As a rule of thumb, if the droplet vanishes 
within 12 hours of equilibration time, it is more likely that the Nafion film did not 
completely cover the pnc-Si membrane.  Similar to the untreated pnc-Si membrane, it is 
likely that the droplet of electrolyte solution passed through the nanopores of pnc-Si 
membrane not covered by Nafion.  The incomplete coverage might be caused by the 
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dewetting of Nafion film possibly after all the solvent evaporated since Nafion itself does 
not adhere very well on glass; 2-propanol promotes the wettability of its solution.   
Consider the undiluted and diluted LIQUION solution with the ratio of LIQUION 
to 2-propanol of 1:1, 1:2, … , 1:8.  These LIQUION solutions produced visually thick 
membrane from 1 µL.  Dissolving with 2 µL or more of 2-propanol from the groove side 
did not make the Nafion film thinner and frequently caused a rupture in the pnc-Si 
membrane.  Overall, none survived as the pnc-Si membrane was ripped apart during 
either shrinkage when solvents evaporated or swelling when rehydrating.   
Coating the Nafion film over the 30nm-thick pnc-Si membrane was successfully 
accomplished without damaging the membrane when using the diluted LIQUION 
solution with the dilution ratios of 1:9, 1:19, 1:49, and 1:89.  After testing the complete 
coverage of the film using the droplet of NaCl of all concentrations being examined, all 
four of Nafion-coated pnc-Si membranes produced by the 1:9 diluted LIQUION solution 
passed the tests.  It was observed that the droplet of NaCl remained, but became smaller, 
on the surface of the hybrid membranes for an entire week of observation.  With higher 
dilution ratios, only one out of four of the pnc-Si membranes coated with 1:19 diluted 
LIQUION solution passed the same tests.  Such a low success rate indicated the poor 
repeatability.  The repeatability tended to be worsened as none of Nafion-coated pnc-Si 
membranes produced by the 1:49 and 1:89 diluted LIQUION solutions passed the tests.  
It can be concluded that the suitable dilution ratios were likely to be between 1:9 and 
1:19.  In the following characterization of EO transports, the EO was induced by the 
Nafion-coated pnc-Si membrane made with the dilution ratio of 1:9, and exactly the same 
membrane was tested under all experiment configurations.  It is worth noting that only 
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one out of three membranes completed the two-week long experiments, while the other 
two were damaged, due to accidents, during the experiments.   
The flow rates of EO against various back pressures were measured for the 
different applied currents and bulk concentrations.  Figure 4.10 shows a family of curves 
from both the experiment data and the predictions for 10 mM NaCl solution.  The 
characteristic curves for higher and lower concentration are similar, but varied by the 
difference in flow rate and the range of applied currents.  Unlike the thick Nafion 
membrane, the ultrathin Nafion membrane permitted a pressure-driven flow as signified 
by the negative flow rates when no current was supplied.  Accordingly, the induced EO 
flow rate was affected by the back pressures, resulting in its reduction under higher back 
pressures.  In Figure 4.10, the symbol represents the measured flow rates, while the solid 
line is the prediction using the membrane transport model coupled with the model of the 
ion transport between electrode and membrane described in Section 2.5.2 and 2.3, 
respectively.  It is evident that the flow rate did not scale linearly with the applied current, 
and the membrane could not effectively induce EO against high back pressures as 
predicted.  Such discrepancies will be elucidated when examining the transmembrane 
concentrations.   
The concentration differences across the ultrathin membrane were extracted from 
the measured flow rate data using the membrane transport equation (172).  These 
extracted transmembrane concentrations are represented by symbols and plotted against 
the applied currents in Figure 4.11.  As observed, their variation at a given applied current 
indicated that the transmembrane concentrations were affected by the convection.  Also 




Figure 4.10 A family of curves showing the flow rates of EO against different back 
pressures at various applied currents in 10 mM NaCl(aq) solution.  The 
symbol represents the experiment data, while the solid line is the theoretical 
prediction. 
 
lines, from the model of ion transport between electrode and membrane.  In comparison, 
the prediction anticipated that the magnitude of transmembrane concentration is linearly 
and monotonically increasing with current; however, the extracted data indicated the 
tendency toward saturation at higher current.  Possibly, this tendency indicated that the 
transmembrane concentration, due to the selective transport of cations across the 
membrane, was in equilibrium with the water being pumped.   
The contribution of the transmembrane concentration to the EO flow rate became 
more conspicuous in the case of ultrathin Nafion membrane than the thick counterpart as 
validated by Figure 4.12.  In Figure 4.12, a pair of characteristic curves from the 
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measurements under the same applied current of 500 µA is compared; one has 
unmistakably much higher flow rate than the other denying the sole regimen of current 
over the flow rate.  The pressure-driven flows under no current being applied also 
contradicted the likelihood of membrane tortuosity in resisting the flow due to back 













Figure 4.11 Transmembrane concentrations predicted using the proposed model in 
Section 2.3 – represented by solid lines – are overestimated at high current 
in comparison to the transmembrane concentrations extracted from the 
experiment data using the conventional model (172) – denoted by symbols.  
It is more likely that the transmembrane concentrations obtained from the 
proposed model are not the equilibrium concentrations, which appear to be 
reduced as the flow rate increases under the higher current condition.  This 
behavior explains the discrepancy between the model and experiment data 





Figure 4.12 Characteristic curves of measured flow rate versus back pressure under the 
same applied voltage of 500 µA, but different bulk concentrations, indicates 
that the flow rate is not governed solely by the applied current as in the case 
of thick Nafion membrane.  The negative flow rates at zero applied currents 
signify a flow through membrane implying that the membrane tortuosity is 
not a factor in resisting the flow like in the thick membrane.  Therefore, the 
transmembrane concentration is more likely the key mechanism sustaining 
such a difference in flow rate.  
 
the transmembrane concentration ∆c was responsible for the difference in flow rates 
under the same applied current.   
The pumping pressure generated is one of the important properties for the 
membrane to be used for actuating a micropump.  The theoretical prediction of the EO 
pumping pressure generated by the ultrathin Nafion membrane is shown in Figure 4.13.  
These pumping pressures were predicted using the membrane transport model coupled 
with the model of ion transport outside the membrane such that the induced 
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transmembrane concentration was a function of bulk concentration and current.  As a 
result, the flow rate can be predicted indirectly from the applied current alone.  It can be 
seen from Figure 4.13 that all curves under different bulk concentrations collapse into 
one indicating the independency on the concentration of electrolyte solution.  It is worth 
noting that the limitation is in fact the cell voltage that needs to be below 1.229 V to 
avoid the bubble formation.  The current-voltage curve is an effective tool in determining 
the maximum current that can be applied under a given bulk concentration.  Figure 4.14 
illustrates the current-voltage curve for the electrolytic cell with 100 mM NaCl aqueous 
solution used in the experiment.  The Nafion-coated pnc-Si membrane was also examined 
under different operating conditions and its EO pumping performance was compared 
 
Figure 4.13 Graph showing the theoretical predictions of the EO-pumping pressures for 




using the thermodynamic efficiency as the judging metric.  Using the same membrane, its 
efficiency decreased with the increase in ionic strength of the solution, as shown in 
Figure 4.15(a), given the maximum current allowable without exceeding the potential 
limit of 1.229 V.  It can be explained that the higher bulk concentration allowed a higher 
current to be supplied before reaching the limit of 1.229 V across the cell, thus leading to 
the higher electrical power consumption and making it less efficient to operate even with 
the gains in EO pumping flow rate and pressure.   
On the other hand, for the given bulk concentration, operating under lower current 
was more efficient than higher current as shown in Figure 4.15(b).  The improvement in 
EO pumping pressure at higher applied current came with the loss in the operating 
 
Figure 4.14 Voltage versus applied current plot for the experiments involving the 
ultrathin Nafion membrane in 100 mM NaCl solution.  The solid line shows 




efficiency due to the associated higher potential drop across the cell.  Lastly, the 
switching frequency of the direction of the applied current also affected the efficiency.  
The faster it switched, the higher the efficiency as demonstrated in Figure 4.15(c).  The 
decreasing efficiency over the duration of operation was due to the rise in potential drop 
across the cell under the applied constant current, making it consume more power as it 
operated longer.  Therefore, the design of EO actuator needs to consider the appropriate 
configuration of bulk concentration, applied current, and switching frequency for the 
efficient operation of the micropumping system.   
It is worth noting that coating Nafion only on one side of pnc-Si membrane made 
its pumping characteristic asymmetrical as demonstrated in Figure 4.16.  It appeared that 
 
Figure 4.15 Thermodynamic efficiencies of EO pump made of Nafion-coated pnc-Si 
membrane under different operating conditions: (a) different bulk 





when the anode faced the groove side of the hybrid membrane, the flow rate was much 
higher than when facing the Nafion side.  The asymmetrical pumping behavior might be 
due to the impact of concentration depletion or enrichment of the electrokinetic properties 
of the pnc-Si membrane.  When the anode was on the groove side, the concentration in its 
vicinity was lower than the bulk, making its conductivity σ lower.  As a result, the 
electric field E was amplified according to Ohm’s law, J = σE, where J is the current 
density, which was constant under the galvanostatic operation.  This amplified field then 
caused higher flow rate.   
On the other hand, when the anode was on the Nafion side of the hybrid 
 
Figure 4.16 Asymmetrical EO pumping characteristic of the Nafion-coated pnc-Si 
membrane when switching the direction of the applied current.  The flow 
rate is higher when the anode faces the groove side of the membrane than 




membrane, the concentration and conductivity of the solution in the vicinity of pnc-Si 
membrane was higher than the bulk.  The electric field was then lower than the former 
case and the lower flow rate was the consequence as observed in Figure 4.16.  Besides 
the asymmetrical pumping characteristic, the ability to manipulate the concentration 
around the membrane of Nafion had been proven.  The amplified electric field as the 
consequent of such a change in concentration could be useful as another mean to increase 
the field strength in addition to reducing the membrane thickness.   
In Section 4.3, the performance of pnc-Si, meshed Nafion, and ultrathin Nafion 
membrane is evaluated in terms of the cell voltage and power consumption required to 
meet the target flow rates.  The actuator design recommendation will also include in this 
section.   
 
4.3 Performance Evaluation for Pumping Applications 
In this study, the target flow rate for the micropump ranges between 10 nL/min 
and 150 nL/min.  The EO pump pressure must be capable of overcoming 0.53 kPa (0.078 
psi) of the back pressure in the inner ear [47] and deflecting two pumping diaphragms, 
which requires at least 6.89 kPa (1 psi) for the circular diaphragm made of parylene-C 
with 1 µm thick and 500 µm in diameter [18].  Furthermore, the actuator must consume 
the lowest power possible without gas liberation as well.   To ensure the full compliance 
with the aforementioned, the performance of each membrane is evaluated by utilizing the 
models developed in Chapter 2 and verified in this section to explore its performance 
under the different conditions.   
The cell voltage required to operate at the target flow rate is the first performance 
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figure of merit to evaluate under various back pressure conditions.  Figure 4.17 reveals 
the voltages across the electrodes in the identical test cell but with different membranes 
and concentrations of NaCl solution.  The membranes and solution concentrations of 
interest include the 30nm-thick pnc-Si membrane in 100 mM NaCl, 15nm-thick pnc-Si 
membrane in 100 mM and 1 mM NaCl, 47µm-thick Nylon-meshed Nafion membrane in 
1 M NaCl, and 100nm-thick Nafion membrane coated on 30nm-thick pnc-Si membrane 
in 100 mM NaCl.  As described in detail in Section 3.3.1, the concentration of NaCl 
solution in case of pnc-Si membranes was chosen such that the electric double layer 
(EDL) inside the majority of membrane pores was not overlapped.  In case of Nafion, the 
much higher concentration was used in order to lower the resistance across the cell to 
ensure its optimal performance as explained in Section 3.3.2.   
In Figure 4.17, a pair of curves is obtained for each membrane-solution 
configuration.  The solid and dashed curves represent the operation at the maximum and 
minimum target flow rates against various back pressures, respectively.  At a given value 
of back pressure, the cell voltages corresponding to the extreme limits of the flow rate 
constitute the range of the operational cell voltages.  Also included in Figure 4.17 are two 
vertical and one horizontal dotted lines that signify the operational specifications.  The 
left and right vertical dotted lines indicate the minimum pumping pressures necessary to 
overcome the back pressure in the inner ear and to deflecting the pumping diaphragms all 
together, respectively.  The horizontal dotted line is, on the other hand, the theoretical 
limit for the cell voltage to ensure no gas evolution in the electrolyte chamber.  This 
theoretical limit is 1.229 V for the aqueous NaCl solution with pH neutral at 1 bar of the 




Figure 4.17 Graphs showing the theoretical performance comparison in view of the cell 
voltage required to maintain the target flow rates at various back pressures 
up to 10 kPa for pnc-Si and Nylon-meshed Nafion membranes under 
different configurations.  The left and right vertical dot lines indicate the 
minimum operational requirements to overcome the pressure in the inner 
ear alone and to deflect diaphragm all together, respectively.  The horizontal 
dot line represents the theoretical limit for the cell voltage that guarantees 
no gas evolution.  The overlapped region to the right of the vertical dot line 
and below the horizontal dot line is the preferred region of operation for the 
EO actuator intended for this study.   
 
the right hand side of the vertical dotted line and below the horizontal dotted line indicate 
the preferred region of operation for the EO actuator intended for this study.   
Figure 4.17 shows that both the 47µm-thick Nylon-meshed Nafion membrane 
with 1 M NaCl solution and 100nm-thick Nafion membrane with 100 mM NaCl can 
operate in the preferred region.  The cell voltages range from 12 mV to 170 mV for the 
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former and from 300 mV to 600 mV for the latter is required in order to pump against the 
back pressure of the inner ear and deflect the pumping diaphragms.  This range of voltage 
is much lower than the theoretical limit for gas evolution.  On the contrary, the pnc-Si 
membrane in all configurations require much higher cell voltages at least 6 V to meet the 
minimum pressure requirement of both the inner ear and diaphragm deflection.  
Accordingly, the gas liberation is definitely inevitable.  It is worth mentioning that if the 
left vertical dot line is used as a reference, the region of operation will become more 
flexible broadening the window of membrane compatibility.  Under this circumstance, all 
membranes in all configurations being examined were qualified.  This anticipation 
implies that the improvement in the design of pumping diaphragm could make it feasible.  
It is also important to note that all the models used to obtain Figure 4.17 are based on the 
transport inside the membrane – equations (153) and (172) for the pnc-Si and Nafion 
membranes, respectively.  To be capable of predicting the performance under a variety of 
configurations such as different solution concentrations or electrode spacing, the model 
of the electrolytic cell from electrode to electrode is mandatory.  The conceptual 
development of this cell model is projected in Chapter 5.   
Figure 4.18 provides the alternative view of their performance in terms of power 
consumption.  It is evident that the 100nm-thick Nafion membrane allows the system to 
achieve the pumping pressure above 7.42 kPa or 1.078 psi with the lowest power 
consumption in maintaining the maximum target flow rate, while the lowest power 
consumed by that with the 47µm-thick Nylon-meshed version for maintaining the 
minimum target flow rate, among all membrane configurations being investigated.  It 
consumes the power approximately from 2 µW to 300 µW for the 47µm-thick Nylon-
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meshed Nafion, but from 100 µW to 300 µW for ultrathin Nafion, to maintain the target 
flow rates.  This range of power consumption is acceptable for the implantable devices 
powered by either a battery or inductive coupling.  Furthermore, Figure 4.18 also reveals 
that the solution concentration plays a crucial role only in dictating the power 
consumption for the pnc-Si membrane systems without the significant gain in 
performance as observable in Figure 4.17.   
The results from Figure 4.17 alone clearly point toward both configurations of 
 
Figure 4.18 Graphs showing the performance comparison in view of the power 
consumption required to maintain the target flow rates at various back 
pressures up to 10 kPa for pnc-Si and Nylon-meshed Nafion membranes 
under different configurations.  The left and right vertical dot lines indicate 
the minimum operational requirements to overcome the pressure in the 




Nafion membrane as the chosen actuating membrane for the EO micropump intended for 
this study.  It, however, remains inconclusive to deny the pumping capability of pnc-Si 
membranes since several other configurations remain unexplored.  Such configurations 
include the electrode spacing.  Given that the solution-membrane-solution region is 
characterized as a series of resistors, the electric field across the membrane Em of 
thickness lp can be estimated as 𝐸𝑚 = 𝜙𝑚 𝑙𝑝⁄ = [𝑅𝑚 (𝑅𝑚 + 2𝑅𝑠𝑜𝑙)⁄ ]𝑉𝑎𝑝𝑝 𝑙𝑝⁄  where Rm 
and Rsol are the resistance of the membrane and solution, respectively.  Varying the 
electrode spacing will affect the solution resistance and accordingly the electric field, 
which follows 𝐸𝑚,2 𝐸𝑚,1 = �𝑅𝑚 + 2𝑅𝑠𝑜𝑙,1� �𝑅𝑚 + 2𝑅𝑠𝑜𝑙,2��⁄ .  When the electrodes are 
positioned closer to the membrane, Rsol,2 = α Rsol,1 for α < 1, the electric field across the 
membrane will be stronger as high as  𝐸𝑚,2 = 𝐸𝑚,1 𝛼⁄  given that 𝑅𝑚 2𝑅𝑠𝑜𝑙,1⁄ ≪ 1.  As a 
result, its EO pumping pressure can be increased without raising the applied voltage.  The 
other beneficial configuration appears in forms of surface charge modification which 
offers the pumping performance enhancement without increasing the applied voltage as 
well.   
Besides satisfying the performance constraints, the Nafion possesses the innate 
advantage over the pnc-Si in that it prohibits through flows under the pressure differential 
conditions.  Once integrated into the actuator, such the characteristic allows the pumping 
diaphragms to remain deflected after switching off the power supply.  As a result, the 
deflected diaphragm can steadily seal off the pumping chamber, thus preventing the back 
flow.  On the other hand, the actuator made of pnc-Si membrane must remain operated in 
order to prevent the back flow, which can cost more power consumption than necessary 
in a certain applications such as the periodic drug delivery.  It is, however, more 
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challenging to process the Nafion than the pnc-Si using the standard 
microelectromechanical systems (MEMS) technology.  The novel fabrication process 
based on the direct write technology provides the alternative and will be described in 
Chapter 5.   
 
4.4 Performance Comparison to the Existing Technologies 
In this section, the performance of the electroosmotic pump (EOP) based on the 
Nafion-coated pnc-Si membrane is compared to the EOP reported in the literature and to 
the other pumps operated using different mechanisms.  The performance metrics used in 
comparing EOP are the maximum flow rate per applied voltage per area of membrane 
(QPVA), maximum generated pressure per applied voltage (PPV), energy consumed per 
volume pumped (EPV), and thermodynamic efficiency (EFF).  Normally, the efficiency 
is defined as the ratio of the hydraulic output power to the electric input power,  
 ef�iciency = 𝑄𝑃𝐵𝑃
𝐼𝑉
× 100 %  (176) 
whose maximum value is reported as EFF.  This maximum value can be approximated 
from the maximum flow rate 𝑄𝑚𝑎𝑥 at the absence of back pressure load and the stall 
pressure 𝑃𝐸𝑂 as [48] 




�× 100 %  (177) 
Table 4.3 summarizes these performance metrics for EOP reported in the literature in 
comparison to the EOP made of the Nafion-coated pnc-Si membrane from this work.   
According to Table 4.3, the improvement in EO pumping pressure is promising 
for the Nafion-coated pnc-Si membrane.  The induced concentration difference across 
this hybrid membrane contributes to the EO pumping pressure in forms of osmotic 
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pressure.  It is worth noting that the stall pressure was not obtained, but should be done in 
the future work.  Its performance under other metrics, however, limits its usage to the low 
flow rate applications.  The low QPVA results from the lower porosity of the hybrid 
membrane and much smaller pore size compared to the other EOP inducing media, which 
as in the order of hundreds of nanometer.  The smaller the pore size, the lower the 
Table 4.3 Performance of the EOP developed from this study using the Nafion-coated 
pnc-Si membrane in comparison to other EOP reported in the literature.  
The abbreviations QPVA, PPV, EPV, and EFF stand for the maximum flow 
rate per applied voltage per membrane area, maximum pressure generated 
per applied voltage, energy consumed per volume pumped, and 
thermodynamic efficiency, while the symbols Pcon, Vapp, and Am represent 




















Zeng 2001 [49] 0.82 1.19 60.00 0.99 3.6 2000 0.002 
Zeng 2002 [50] 1.02 0.20 75.00 0.07 1000 1000 0.79 
Chen 2002 [51] 43.86 0.03 1.68 0.49 0.42 1000 0.0003 
Laser 2003 [52] 17.00 0.03 52.94 0.005 150 400 0.025 
Yao 2006 [53] 128.00 0.01 3.05 0.002 162.5 25 1 
Litster 2010 [14] 4.62 N/A 0.32 N/A† 0.073 2.9‡ 1 
Shin 2011 [54] 99.03 8.00 0.21 0.47 0.05 0.5 0.28 
Wang 2012 [55] 101.06 0.14 3.25 0.005 13.75 5 0.5 
Snyder 2013 [48] 
92.08 1.20 71.67 0.0006 1.32 1.5 0.008 
14.82 1.36 60.73 0.0001 0.03 0.25 0.008 
Nafion-coated 
pnc-Si membrane 53.50 > 4.00 98.13 > 0.004 0.7 1 0.008 
 
†  EFF of 0.47% was reported for Q = 13 µL/min against 1.6 kPa consuming 73 µW. 





convective flow rate, but the higher the stall pressure given the same pore length.  
Accordingly, the lower flow rate caused the EPV to be higher, making it less efficient for 
pumping large volume of liquid.  In terms of the thermodynamic efficiency, the EOP 
made of the Nafion-coated pnc-Si membrane is expected to have the EFF higher than 
0.004 once the stall pressure is measured; however, 0.004 is still better than the EOP 
made of the untreated pnc-Si membrane.  The improvement in EFF is due to the higher 
EO pumping pressure made possible by the ultrathin Nafion film coating.  
The comparison against other micropumps that are available commercially or in 
the research phase reflects the possibly small package size for this EOP made of the 
hybrid membrane.  The micropumps used in the comparison are the implantable ALZET 
osmotic pump manufactured by DURECT corporation [5], the electroosmotic pump 
manufactured by OSMOTEX [56], and the implantable, electrolysis pump under the 
research by E. Meng group at University of Southern California [2].  The comparison 
focuses on their package size and displaced volume excluding the reservoir as tabulated 
in Table 4.4.   
According to Table 4.4, the micropump made of EO actuator using the Nafion-
coated pnc-Si membrane can be designed to be much smaller than those available 
commercially or in research phase.  Such a small packaging size is the benefit of using 
the pnc-Si membrane as the higher electric field leads to the higher flow rate using 
smaller membrane area given the same applied voltage.  Moreover, coating with ultrathin 
Nafion film allows pnc-Si membrane to attain high EO pumping pressure enough to meet 
the requirement considered in this study.   
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Table 4.4 Comparison with micropumps available commercially or in research phase 
in terms of packing size and displaced volume excluding reservoir.  The 




Dimension (mm) Displaced Volume 
w/o Reservoir (µL) Length Width Height Diameter 
ALZET [5] 15 - - 6 324 
Gensler 2010 [2] - - 3.5 18 331 
OSMOTEX [56] - - 3.8 15.4 708 † 
This work (expected) 5 5 6 - 78 
 
†  Does not design for implantable application and represents EOP only. 
 
4.5 New Insights from This Research 
In addition to achieving the EO actuator more efficient for the implantable 
micropumping systems, the basic science found from this research sheds some light on 
nanoscience and nanotechnology.  It was found that the electric field in the electrolyte 
solution confined in the charged orifice-like nanopores of the ultrathin membrane follows 
an unconventional scaling law; it no longer scales uniformly with the thickness of 
membrane, but with the local value of the pore length-to-diameter aspect ratio for each 
nanopore.  This research work has demonstrated both experimentally and theoretically by 
deducing the electric field inside the ultrathin membrane from the induced electroosmotic 
flow across the membrane that the electric field is weaker than conventional theory 
would predict.  This new insight will be beneficial for the design of EOP and other 
electro-microfluidic systems that aim to capitalize the high permeability and high field 
strength offered by the ultrathin membrane.   
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Another finding was the utilization of the induced transmembrane concentration 
difference to generate the voltage-dependent osmotic pressure in a controllable manner to 
pump against the back pressure.  In addition, it was also found that the electric field was 
further amplified, besides that achieved via the ultrathin membrane, by the induced 
depletion region close to the membrane as a result of the cation-selectivity of Nafion.  
This phenomenon is known as the electroosmotic of the second kind [57].  As a result, 
both osmotic pressure and EO of the second kind enhance the EO pumping pressure and 





Chapter 5 CONCLUSION AND FUTURE WORK 
  
In summary, this research covers the fundamental principles for the 
electroosmotic (EO) pump necessary and essential for the design of the actuators 
intended for this study.  These principles emphasize the ion and water transports across 
the membranes including the surface electrochemistry of electrodes.  The porous 
nanocrystalline silicon (pnc-Si) and Nafion membranes are the main subjects of the 
investigation.  As demonstrated in Chapter 4, these novel membrane models developed in 
this study are satisfactorily capable of predicting the flow rates and pumping pressures 
under different back pressure conditions.  In addition, the contributions from this work 
also include the incorporation of the meniscus effect into the analysis, which allows the 
measurement technique that utilizes the meniscus tracing to become viable.  It also 
provides an alternative to the traditional methods that usually require even more complex 
setups and are particularly not suitable for the measurement of very low flow rate in a 
range of nL/min.   
It is, however, evident that the membrane models alone are not adequate for 
describing the transport phenomena under different configurations of the electrolytic cell 
such as the electrode spacing and solution concentration.  The model of the entire 
electrolytic cell from electrode to electrode is indisputably mandatory in particular when 
designing the EO actuators as their performance relies on such configurations as well.   
The ongoing efforts aim for the refinement of cell model and the design of EO 
actuators.  Fundamentally, the cell model needs to be reestablished on the foundation of 
mass conservation described by Nernst-Planck equation with Butler-Volmer rate of 
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reaction at the electrode surfaces.  It is worth mentioning that since the rate of reaction 
can be expressed in terms of current density, the electrode dimension is automatically 
incorporated into the cell model.   
The cell model is advantageous not only for the performance evaluation of each 
membrane under the different setups, but also in the design of EO actuators.  Its 
application in the actuator design requires only the integration of the pumping diaphragm 
model, which is based on the mechanics of materials.  Based on the static behavior of the 
diaphragm, its deflection can be related to the pumping pressure as a function of its 
physical and material parameters.  To describe its pumping motion, the dynamic of 
diaphragm deflection also needs to be incorporated.  According to the Newton’s second 
law, the diaphragm displacement or deflection, sdia, can be modeled as  
 diadiadiadampelaspump smsCFF  =−−  , (178) 
where Fpump, Felas, Cdamp, and mdia stand for the pumping force, elastic force, damping 
constant, and mass of diaphragm, respectively.  The pumping or actuating force can be 
determined directly from the pumping pressure generated by the EO actuator.  The elastic 
force describes the static behavior of the diaphragm and represents the requirement to 
deflect the diaphragm for a certain distance.  The third term on the left hand side governs 
its dynamic behavior in terms of damping as the diaphragm interacts with liquid during 
the pumping process.  Generally, the damping force varies with the diaphragm velocity 
and can be characterized by the damping constant.  Therefore, by solving the force 
balance equation (178), the time it takes to deflect the diaphragm for a certain distance 
can be determined, and the pumping frequency can also be estimated accordingly.  Upon 
the completion, the design parameters such as the membrane surface area, electrode 
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spacing, electrode dimension, solution concentration, and diaphragm dimension can be 
optimized to meet the operational constraints, consume power as low as possible, and 
facilitate the fabrication process.   
Fabricating these EO actuators using the pnc-Si membrane with the potential 
incorporation with Nafion is considerably challenging especially for the standard 
microeletromechanical systems (MEMS) technology.  The challenge arises from the 
material incompatibility with the standard process and the complex assembly of the 
actuating membrane.  As a promising alternative, the direct write technology could make 
the fabrication process easier.  Coating the pnc-Si membrane with an ultrathin Nafion 
film can be achieved by utilizing the direct write technology for consistency in film 
quality.  With an extensive range of the compatible materials including polymer, the 
membrane assembly into the electrolytic compartments of the actuator can be as simple 
as epoxying them all together.   
Ultimately, the combination of all the aforementioned models will lead to the 
design and fabrication of the EO actuators.  Such actuators are expected to be novel such 
that they will be compact, consume low power, and can be operated at low voltage 
suitable for the biomedical implant applications.  The use of ultrathin Nafion membrane 
demonstrate the utilization of the induced concentration difference across the membrane 
to augment the flow rate and pumping pressure simultaneously without the tradeoff 
usually encounter in the membrane design.  And, the problem of asymmetrical pumping 
characteristic as shown in Figure 4.16 can be solved by using two Nafion-coated pnc-Si 
membranes sandwiched together with Nafion side in the middle.  Together with proper 
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cell design, this technique is expected to alleviate the weakness of micropump in 
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Appendix A    COMSOL SETUP FILES 
 
The finite element analysis of the electric field inside a charged nanopore is 
carried out using the commercial software COMSOL version 4.3a.  The primary 
electrokinetic properties to be modeled involve the formation of the electric double layer 
(EDL) and the electric current flow in electrolyte solution.  In COMSOL, the formation 
of EDL is modeled using two physics, the Electrostatics and Transport of Diluted 
Species, while the current flow in lossy medium is modeled using the Electric Currents 
physics.  To make the setup more manageable, all the constants and boundary conditions 
are parameterized in the Global Definitions as illustrated in Figure A.1.  A list of all 
parameters used is tabulated in Table A.1.  It is worth noting that instead of enter the 
parameters manually, they can be uploaded by simply cutting and pasting the content of 
 




Table A.1 into a text file (.txt), and clicking on the folder icon, as can be seen at the 
bottom of Figure A.1, to upload the file.   
Similarly, the variables are defined and used in the model as demonstrated in 
Figure A.2.  The use of variables is another mean to couple among different physically 
models.  For example, the variable sigma_electrolyte from Table A.2 couples the Electric 
Currents model to the Transport of Diluted Species model via the use of the computed 
concentrations of Na+ and Cl- ions from the Transport of Diluted Species to obtain the 
conductivity of medium for the Electric Currents model.  Only the variables used in the 
study of the electric field in the charged nanopore are included in Table A.2.  Using the 
same technique as described previously to upload all the variables from Table A.2.   
Table A.1 List of parameters used in the COMSOL simulation of the electric field 
inside a charged nanopore.  Note that instead of entering each of these 
parameters manually, they can be uploaded by copying and pasting them 
into a text file (.txt), and then clicking on the folder icon, as seen at the 
bottom of Figure A.1, to upload the file. 
 
BP  0[Pa]  Back pressure 
cb  0.01[mol/m^3]  Bulk concentration 
lp  5[nm]  Pore length 
dp  15[nm]  Pore diameter 
rp  dp/2  Pore radius 
height_reservior  200[nm]  Reservior height 
width_reservior  400[nm]  Reservior width 
sigma_surf_pore  -0.0011448[C/m^2] Surface charge density (pore) 
sigma_surf_membrane  sigma_surf_pore  Surface charge density (membrane) 
V_applied  50[mV]  Applied voltage 
T  298.15[K]  Temperature 
epsilon_r_water  80  Permittivity of water 
D_Na  1.334e-9[m^2/s]  Diffusion coefficient of Na+ 
D_Cl  2.032e-9[m^2/s]  Diffusion coefficient of Cl- 
z_Na  1  Valence of Na+ 
z_Cl  -1  Valence of Cl- 
a_Na  5.0e-3[S*m^2/mol] Molar conductivity of Na+ 




The next step is to initialize each physical model and specify the boundary 
conditions.  Figure A.3 summarizes all the initial values and boundary conditions used in 
the Electrostatics model.  The variable computed by this model is named as Vwall, which 
is the intrinsic potential due to the surface charge.   
 
Figure A.2 Setting up variables used in COMSOL model.   
 
Table A.2 List of variables used in the COMSOL simulation of the electric field inside 
a charged nanopore.  Note that instead of entering each of these variables 
manually, they can be uploaded by copying and pasting them into a text file 
(.txt), and then clicking on the folder icon, as seen at the bottom of Figure 
A.2, to upload the file. 
 
vol_cha_den  F_const*(z_Na*c_Na+z_Cl*c_Cl) Volume charge density 
sigma_electrolyte a_Na*c_Na+a_Cl*c_Cl 
c_bar_Na  c_Na/cb  Dimensionless Na+ concentration 




In Figure A.4, the initial values of the concentrations of Na+, c_Na, and Cl-, c_Cl, 
together with the corresponding boundary conditions are given for the Transport of 
Diluted Species model.  This model is explicitly coupled to the Electrostatics model via 
the field Convection, Diffusion, and Migration.  Note that even though the convection is 
included, but the flow velocities are set to zero in both axial and radial direction, 
indicating the omission of the convective transport.  This omission is reasonable for the 
laminar flow with very low Reynolds number, Re < 1, since its influence on the solution 
conductivity is negligible.   
Lastly, the initial value of the variable Vapp for the Electric Currents model is 
specified in Figure A.5 together with the boundary conditions used in the model.  Notice 
the specification of the electrical conductivity in the Current Conservation field.  The 
electrical conductivity is computed from the concentrations of all the species involved in  
 
Figure A.3 Specifying the initial values and boundary conditions for the intrinsic 






Figure A.4 Specifying the initial values and boundary conditions for the concentrations 
of Na+, c_Na, and Cl-, c_Cl, in the Transport of Diluted Species physical 
model.   
 
 
Figure A.5 Specifying the initial values and boundary conditions for the electric 




the Transport of Diluted Species model described previously.  Also, it is defined as 
isotropic without loss of generality.   
After the initialization and specification of the necessary boundary conditions, it 
is important to remind that the accuracy of the results from the simulation depends 
largely on the meshing of the geometry under consideration.  The best practice is to refine 
the mesh until the solutions are mesh-independent.  In COMSOL, the automatic mesh 
refinement is considered the easier way to improve the accuracy of the results.  If the 
computation resource is limited, i.e. not enough RAM available on the computer or 
server, to use the automatic mesh refinement, manually refining the mesh near the 
charged surface and around both ends of the nanopore is recommended.  In case of three-
dimensional (3D) problem, beside the meshing consideration, the choice of the numerical 
solvers cannot be overlooked especially when both boundary conditions are Neumann – 
the derivative boundary conditions.  Using the iterative, segregated solvers tends to fail to 
solve the 3D problem since the solution is not unique and becomes diverged eventually.  
As shown in Figure A.6, the remedy is to use the direct, fully coupled solver, but with the 





Figure A.6 The direct, fully coupled solver is used in place of the iterative, segregated 





Appendix B    MATLAB CODES 
 
In the conventional long pore model, the electrokinetic properties represented by 
nine K coefficients, as described in Chapter 2, are computed using MATLAB.  The 
computation is divided into two parts for the ease of debugging.  The first part involves 
determining the potential profile of the electric double layer (EDL) formed over the 
charged surface according to the charge regulation principle.  Dependent on the bulk 
concentration, the surface charge density is calculated and used in solving the Poisson-
Nernst-Planck equations to obtain the potential profile in an infinitely long nanopore.  
The MATLAB m-file for the first part is included in M-File B.1.  Note that this m-file is 
written as a function, which takes four arguments – the maximum pore radius, bulk 
concentration, initial guess of surface charge density, and filename for the results.  The 
results will be used in the second part in the computation of K coefficients.   
 
M-File B.1 This m-file is served as a function intended for finding the surface charge 
density according to the charge regulation principle.  The predicted surface 
charge density is then used to compute the potential profile of the electric 
double layer (EDL) in an infinitely long nanopore with the pore radius 
ranging from 0.1 nm to rp_max.  This function requires four arguments: the 
maximum pore radius, bulk concentration, initial guessed value of surface 
charge density, and filename for the output to be stored.   
 
function flag_done = find_EDL_info(rp_max, Cb, surfCharDens, ... 
                     FILENAME_EDL) 
 
global R F T e_charge epsilon kappa pH siteDensity pK C_S 
 
flag_charge_regulation = true; 
 
%% Initial guess 
if( surfCharDens == 0 ) 








e_charge = 1.60219e-19; % C 
R        = 8.31441;     % J/(K mol) 
F        = 9.64846e4;   % C/mol 
epsilon  = 7.08e-10;    % F/m 
 
%% Control parameters 
pH          = 7;      % Dimensionless 
T           = 298.15; % K 
siteDensity = 8e18;   % m^-2 
pK          = 7.5;    % Dimensionless 
C_S         = 2.9;    % F/m^2 
 
%% Model parameters 
L_Debye = sqrt(epsilon * R * T / (2 * F^2 * Cb)); % m 
kappa   = 1 / L_Debye; % m^-1 
 
%% Define mesh size for the numerical integration 
num_data_r  = 4001; % number of data points must be odd positive 
                    % integer 
num_data_rp = 201;  % number of data points must be odd positive 
                    % integer 
rp_min      = 1e-10; 
rp          = linspace(rp_min, rp_max, num_data_rp)'; 
 
%% Initialization 
sigma_surf = surfaceChargeDensity * ones(num_data_rp, 1); 
r          = NaN * zeros(num_data_rp, num_data_r); 
Phi_r      = NaN * zeros(num_data_rp, num_data_r); 
 
%% Computation 
for i = 1:num_data_rp 
    if( flag_charge_regulation ) 
        % Solve Poisson equation coupled with charge regulation 
        % equation 
        tolerance = 1e-6; 
        prev      = sigma_surf(i); 
        residue   = 1; 
        while(abs(residue) > tolerance) 
            sigma_surf(i) = (sigma_surf(i) + prev) / 2; 
            Phi_r(i,:)    = solve_Poisson_equation(rp(i), ... 
                            sigma_surf(i), num_data_r); 
            prev          = sigma_surf(i); 
            sigma_surf(i) = f_find_sigma_surf(Phi_r(i, end)); 
            residue       = (sigma_surf(i) - prev) / prev; 
        end 
    else 
        % without charge regulation 
        Phi_r(i,:) = solve_Poisson_equation(rp(i), ... 
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        sigma_surf(i), num_data_r); 
    end 
 
    r(i,:) = linspace(0, rp(i), num_data_r); 
end 
 
%% Save data 
save(FILENAME_EDL, 'Cb', 'sigma_surf', 'r', 'Phi_r'); 
 





%% Solve Poisson equation 
function Phi_r = solve_Poisson_equation(rp, ...  
    surfaceChargeDensity, num_data_r) 
 
global R F epsilon kappa T 
 
tolerance = 1e-6; 
mesh_size = rp / (num_data_r - 1); 
Y         = zeros(num_data_r, 2); 
 
% Boundary conditions 
y2_at_0_BC  = 0; 
y2_at_rp_BC = F * (surfaceChargeDensity / epsilon) / (R * T); 
 
lambda = rp / (rp - (4 * R * T / F) * (epsilon / ... 
         surfaceChargeDensity)); 
 
y1_at_0_1st = -2 * abs(2 * log(4 * sqrt(lambda) / (rp * ... 
              kappa))); % first guess 
 
flag_repeat = true; 
while( flag_repeat ) 
    y2_at_rp_1st = NaN; 
    while( isnan(y2_at_rp_1st) ) 
        y1_at_0_1st = y1_at_0_1st / 2; 
 
        % Shooting method: First guess 
        Y(1, 1) = y1_at_0_1st; 
        Y(1, 2) = y2_at_0_BC; 
        r = 0; 
        for i = 1:(num_data_r - 1) 
            Y(i + 1,:) = Runge_Kutta_4(r, Y(i,:)', mesh_size)'; 
            r = r + mesh_size; 
        end 
        y2_at_rp_1st = Y(end, 2); 
    end 
    y1_at_0_1st_temp = y1_at_0_1st; 




    % Shooting method: Second guess 
    Y(1, 1) = y1_at_0_2nd; 
    Y(1, 2) = y2_at_0_BC; 
    r = 0; 
    for i = 1:(num_data_r - 1) 
        Y(i + 1,:) = Runge_Kutta_4(r, Y(i,:)', mesh_size)'; 
        r = r + mesh_size; 
    end 
    y2_at_rp_2nd = Y(end, 2); 
 
    while(abs((Y(end, 2) - y2_at_rp_BC) / y2_at_rp_BC) > ... 
          tolerance) 
        Y(1, 1) = f_root_finder(y1_at_0_1st, y1_at_0_2nd, ... 
                  y2_at_rp_1st, y2_at_rp_2nd, y2_at_rp_BC); 
        Y(1, 2) = y2_at_0_BC; 
 
        r = 0; 
        for i = 1:(num_data_r - 1) 
            Y(i + 1,:) = Runge_Kutta_4(r, Y(i,:)', mesh_size)'; 
            r = r + mesh_size; 
        end 
 
        y1_at_0_1st  = y1_at_0_2nd; 
        y2_at_rp_1st = y2_at_rp_2nd; 
 
        y1_at_0_2nd  = Y(1,   1); 
        y2_at_rp_2nd = Y(end, 2); 
    end 
     
    % Check for divergence 
    if( isnan(Y(end, 2)) ) 
        y1_at_0_1st = 2.5 * y1_at_0_1st_temp; 
        flag_repeat = true; % diverge 
    else 
        flag_repeat = false; % converge 
    end 
end 
 




%% Root-finder method: Secant method 
function x3 = f_root_finder(x1, x2, y1, y2, y_target) 
 




%% Fourth-order Runge-Kutta method 




K       = NaN * zeros(2, 4); 
K(:, 1) = h * Fn(r,         Y_i              ); 
K(:, 2) = h * Fn(r + h / 2, Y_i + K(:, 1) / 2); 
K(:, 3) = h * Fn(r + h / 2, Y_i + K(:, 2) / 2); 
K(:, 4) = h * Fn(r + h,     Y_i + K(:, 3)    ); 
 




%% Define function for Y_prime 




result    = NaN * zeros(2, 1); 
result(1) = Y(2); 
 
if( (r == 0) && (Y(2) == 0) ) 
    result(2) =               (kappa^2) * sinh(Y(1)); 
else 





%% Find surface charge density 
function sigma_surf = f_find_sigma_surf(phi_rp) 
 
global R F e_charge T pH siteDensity pK C_S 
 
tolerance  =  1e-6; 
sigma_surf = -1e-6; % initial guess 
 
delta   = 0; 
residue = 10 * tolerance; 
while(abs(residue) > tolerance) 
    sigma_surf = sigma_surf + delta; 
    f       = (R * T / F) * log(-sigma_surf / (e_charge * ... 
          siteDensity + sigma_surf)) - (pH - pK) * ... 
              (R * T / F) * log(10) - phi_rp; 
    f_prime = (R * T / F) * (e_charge * siteDensity / ... 
              (sigma_surf * (e_charge * siteDensity + ... 
              sigma_surf))) - 1 / C_S; 
    delta   = -f / f_prime; 







The second part uses the surface charge density and potential profile obtained 
from the first part, as shown in M-File B.1, to compute the K coefficients of the 
conventional long pore model.  Similar to the first part, the m-file is written as a function, 
which takes three arguments – the pore length, filename of the result from the first part, 
and filename for the computed K coefficients.  The MATLAB code for this function is 
included in M-File B.2.  It is worth noting that the identifier for each K coefficient is 
related to the subscripted K coefficient used in Chapter 2 as  





M-File B.2 This m-file is served as a function intended for computing K coefficients of 
the conventional long pore model described in Chapter 2 using the outputs 
from M-File B.1.  This function requires three arguments – the pore length, 
filename of the outputs from M-File B.1, and filename for the outputs from 
this function.   
 
function flag_finish = eo_model_membrane(lp, FILENAME_EDL, ... 
                       FILENAME_info) 
 




cb = Cb;       % mol/m^3 
rp = r(:,end); % m 
 
num_data_rp = size(r, 1); % number of data points must be odd  
                          % positive integer 
num_data_r  = size(r, 2); % number of data points must be odd  
                          % positive integer 
 
%% Variables 
sigma_surf_m = -0.01; % C/m^2 
 
%% Constants 
e_charge = 1.60219e-19; % C 
R        = 8.31441;     % J/(K mol) 
F        = 9.64846e4;   % C/mol 
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epsilon   = 7.08e-10;    % F/m 
mu        = 0.001;       % Pa s 
msigma_Na = 5.0e-3; % S m^2/mol 
msigma_Cl = 7.6e-3; % S m^2/mol 
D_Na      = 1.334e-9; % m^2 / s 
D_Cl      = 2.032e-9; % m^2 / s 
 
%% Control parameters 
pH          = 7;      % Dimensionless 
T           = 298.15; % K 
siteDensity = 8e18;   % m^-2 
pK          = 7.5;    % Dimensionless 
C_S         = 2.9;    % F/m^2 
 
%% Device parameters 
Am     = 8.00e-7;     % m^2 
phi    = 0.081;       % Dimensionless 
rp_avg = 21.1e-9 / 2; % m 
rp_std =  4.3e-9 / 2; % m 
rp_max = rp(end);     % m 
 
%% Model parameters 
L_Debye = sqrt(epsilon * R * T / (2 * F^2 * Cb)); % m 
kappa   = 1 / L_Debye; % m^-1 
sigma_b = (msigma_Na + msigma_Cl) * Cb; % Bulk conductivity, S/m 
 
%% Computation: Find pore characteristics for each pore radius 
Ku11       = NaN * zeros(num_data_rp, num_data_r); 
Ku12       = NaN * zeros(num_data_rp, num_data_r); 
Ku13       = NaN * zeros(num_data_rp, num_data_r); 
K11        = NaN * zeros(num_data_rp, 1); 
K12        = NaN * zeros(num_data_rp, 1); 
K13        = NaN * zeros(num_data_rp, 1); 
K21        = NaN * zeros(num_data_rp, 1); 
K22_conv   = NaN * zeros(num_data_rp, 1); 
K22_diff   = NaN * zeros(num_data_rp, 1); 
K23_conv   = NaN * zeros(num_data_rp, 1); 
K23_elec   = NaN * zeros(num_data_rp, 1); 
K31        = NaN * zeros(num_data_rp, 1); 
K32_conv   = NaN * zeros(num_data_rp, 1); 
K32_diff   = NaN * zeros(num_data_rp, 1); 
K33_conv   = NaN * zeros(num_data_rp, 1); 
K33_elec   = NaN * zeros(num_data_rp, 1); 
 
for i = 1:num_data_rp 
    % Boundary conditions 
    y2_at_0_BC  = 0; 
    y2_at_rp_BC = sigma_surf(i) / epsilon; 
     
    % Clamped cubic spline 
    FPO  = y2_at_0_BC; 
    FPN  = y2_at_rp_BC; 
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    coef = clamped_cubic_spline(r(i,:)', Phi_r(i,:)', FPO, FPN); 
     
    %% Find K coefficients 
    Ku11(i,:) = (1 / (4 * mu)) * (rp(i)^2 - r(i,:).^2); 
     
    for j = 1:num_data_r 
        Ku12(i, j) = (1 / mu) * gaussian_integral_double(... 
                     rp(i), r(i, j), coef, r(i,:), @fn_Ku12); 
 
        % fn_Ku12 = (c_Na(y) + c_Cl(y)) * (y / x) 
        % upper_limit_inner_integral = x 
        % lower_limit_inner_integral = 0 
 
        Ku13(i, j) = (F / mu) * gaussian_integral_double(... 
                     rp(i), r(i, j), coef, r(i,:), @fn_Ku13); 
 
        % fn_Ku13 = (c_Na(y) - c_Cl(y)) * (y / x) 
        % upper_limit_inner_integral = x 
        % lower_limit_inner_integral = 0 
    end 
 
    K11(i) = pi * rp(i)^4 / (8 * mu); 
    K12(i) = (2 * pi / mu) * gaussian_integral_triple(... 
             rp(i), 0, coef, r(i,:), @fn_K12); 
 
    % fn_K12 = (c_Na(z) + c_Cl(z)) * (z / y) * x 
    % upper_limit_middle_integral = rp 
    % lower_limit_middle_integral = x 
    % upper_limit_inner_integral  = y 
    % lower_limit_inner_integral  = 0 
 
    K13(i) = (2 * pi * F / mu) * gaussian_integral_triple(... 
             rp(i), 0, coef, r(i,:), @fn_K13); 
 
    % fn_K13 = (c_Na(z) - c_Cl(z)) * (z / y) * x 
    % upper_limit_middle_integral = rp 
    % lower_limit_middle_integral = x 
    % upper_limit_inner_integral  = y 
    % lower_limit_inner_integral  = 0 
 
    K21(i) = (pi / (2 * mu)) * gaussian_integral_single(... 
             rp(i), 0, coef, r(i,:), @fn_K21); 
 
    % fn_K21 = (c_Na(x) + c_Cl(x)) * (rp^2 - x^2) * x 
 
    K22_conv(i) = (2 * pi / mu     ) * ... 
                  gaussian_integral_triple(... 
                  rp(i), 0, coef, r(i,:), @fn_K22_triple); 
    K22_diff(i) = (2 * pi / (R * T)) * ... 
                  gaussian_integral_single(... 




    % fn_K22_triple = (c_Na(x) + c_Cl(x)) * (c_Na(z) + c_Cl(z)) *  
    %                 (z / y) * x 
    % upper_limit_middle_integral = rp 
    % lower_limit_middle_integral = x 
    % upper_limit_inner_integral  = y 
    % lower_limit_inner_integral  = 0 
    % fn_K22_single = (D_Na * c_Na(x) + D_Cl * c_Cl(x)) * x 
 
    K23_conv(i) = (2 * pi * F / mu     ) * ... 
                  gaussian_integral_triple(... 
                  rp(i), 0, coef, r(i,:), @fn_K23_triple); 
    K23_elec(i) = (2 * pi * F / (R * T)) * ... 
                  gaussian_integral_single(... 
                  rp(i), 0, coef, r(i,:), @fn_K23_single); 
 
    % fn_K23_triple = (c_Na(x) + c_Cl(x)) * (c_Na(z) - c_Cl(z)) *  
    %                 (z / y) * x 
    % upper_limit_middle_integral = rp 
    % lower_limit_middle_integral = x 
    % upper_limit_inner_integral  = y 
    % lower_limit_inner_integral  = 0 
    % fn_K23_single = (D_Na * c_Na(x) - D_Cl * c_Cl(x)) * x 
 
    K31(i) = (pi * F / (2 * mu)) * gaussian_integral_single(... 
             rp(i), 0, coef, r(i,:), @fn_K31); 
 
    % fn_K31 = (c_Na(x) - c_Cl(x)) * (rp^2 - x^2) * x 
 
    K32_conv(i) = (2 * pi * F / mu     ) * ... 
                  gaussian_integral_triple(... 
                  rp(i), 0, coef, r(i,:), @fn_K32_triple); 
    K32_diff(i) = (2 * pi * F / (R * T)) * ... 
                  gaussian_integral_single(... 
                  rp(i), 0, coef, r(i,:), @fn_K32_single); 
 
    % fn_K32_triple = (c_Na(x) - c_Cl(x)) * (c_Na(z) + c_Cl(z)) *  
    %                 (z / y) * x 
    % upper_limit_middle_integral = rp 
    % lower_limit_middle_integral = x 
    % upper_limit_inner_integral  = y 
    % lower_limit_inner_integral  = 0 
    % fn_K32_single = (D_Na * c_Na(x) - D_Cl * c_Cl(x)) * x 
 
    K33_conv(i) = (2 * pi * F^2 / mu     ) * ... 
                  gaussian_integral_triple(... 
                  rp(i), 0, coef, r(i,:), @fn_K33_triple); 
    K33_elec(i) = (2 * pi * F^2 / (R * T)) * ... 
                  gaussian_integral_single(... 
                  rp(i), 0, coef, r(i,:), @fn_K33_single); 
 
    % fn_K33_triple = (c_Na(x) - c_Cl(x)) * (c_Na(z) - c_Cl(z)) *  
    %                 (z / y) * x 
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    % upper_limit_middle_integral = rp 
    % lower_limit_middle_integral = x 
    % upper_limit_inner_integral  = y 
    % lower_limit_inner_integral  = 0 
    % fn_K33_single = (D_Na * c_Na(x) + D_Cl * c_Cl(x)) * x 
end 
K22 = K22_conv + K22_diff; 
K23 = K23_conv + K23_elec; 
K32 = K32_conv + K32_diff; 
K33 = K33_conv + K33_elec; 
 
save(FILENAME_info, 'Ku11', 'Ku12', 'Ku13', 'K11', 'K12', ... 
     'K13', 'K21', 'K22', 'K23', 'K31', 'K32', 'K33', ... 
     'sigma_b', 'sigma_surf', 'r', 'Phi_r', 'Cb', 'lp'); 
 





%% Interpolant from clamped cubic spline: c_Na 
function c_Na_x_new = c_Na(coef, x, x_new) 
 
global R F T cb 
 
j = sum(x <= x_new); 
j = j - (j == length(x)); 
 
S = coef.a(j) + coef.b(j) * (x_new - x(j)) + coef.c(j) * ... 
    (x_new - x(j))^2 + coef.d(j) * (x_new - x(j))^3; 
 




%% Interpolant from clamped cubic spline: c_Cl 
function c_Cl_x_new = c_Cl(coef, x, x_new) 
 
global R F T cb 
 
j = sum(x <= x_new); 
j = j - (j == length(x)); 
 
S = coef.a(j) + coef.b(j) * (x_new - x(j)) + coef.c(j) * ... 
    (x_new - x(j))^2 + coef.d(j) * (x_new - x(j))^3; 
 




%% Clamped cubic spline 
function coef = clamped_cubic_spline(x, a, FPO, FPN) 
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% x, a = (n+1) x 1 
%  FPO = f'(x(1)) 
%  FPN = f'(x(end)) 
 
n     = size(x, 1) - 1; 
b     = zeros(n, 1); 
c     = zeros(size(x)); 
d     = zeros(n, 1); 
alpha = zeros(size(x)); 
l     = zeros(size(x)); 
mu    = zeros(n, 1); 
z     = zeros(size(x)); 
h     = x(2:end) - x(1:(end-1)); 
 
alpha(1)   = 3 * (a(2) - a(1)) / h(1) - 3 * FPO; 
alpha(end) = 3 * FPN - 3 * (a(end) - a(end-1)) / h(end); 
alpha(2:(end-1)) = (3 ./ h(2:end)    ) .* (a(3:end)     - ... 
                   a(2:(end-1))) - ... 
                   (3 ./ h(1:(end-1))) .* (a(2:(end-1)) - ... 
                   a(1:(end-2))); 
l(1)  = 2 * h(1); 
mu(1) = 0.5; 
z(1)  = alpha(1) / l(1); 
 
for i = 2:n 
    l(i)  = 2 * (x(i+1) - x(i-1)) - h(i-1) * mu(i-1); 
    mu(i) = h(i) / l(i); 
    z(i)  = (alpha(i) - h(i-1) * z(i-1)) / l(i); 
end 
 
l(end) = h(end) * (2 - mu(end)); 
z(end) = (alpha(end) - h(end) * z(end-1)) / l(end); 
c(end) = z(end); 
 
for j = n:-1:1 
    c(j) = z(j) - mu(j) * c(j+1); 
    b(j) = (a(j+1) - a(j)) / h(j) - h(j) * (c(j+1) + ... 
           2 * c(j)) / 3; 
    d(j) = (c(j+1) - c(j)) / (3 * h(j)); 
end 
 
coef.a = a(1:n); 
coef.b = b(1:n); 
coef.c = c(1:n); 




%% Gaussian integral: Single 
function J = gaussian_integral_single(upper_limit, ... 






b = upper_limit; 
a = lower_limit; 
 
h1 = (b - a) / 2; 
h2 = (b + a) / 2; 
J  = 0; 
 
for i = 1:n 
    x = h1 * rn(i) + h2; 
    Q = fn(x, coef, r, @c_Na, @c_Cl); 
    J = J + cn(i) * Q; 
end 




%% Gaussian integral: Double 
function J = gaussian_integral_double(upper_limit, ... 




b = upper_limit; 
a = lower_limit; 
 
h1 = (b - a) / 2; 
h2 = (b + a) / 2; 
J  = 0; 
 
for i = 1:n 
    JX = 0; 
    x  = h1 * rn(i) + h2; 
    d1 = x; 
    c1 = 0; 
    k1 = (d1 - c1) / 2; 
    k2 = (d1 + c1) / 2; 
 
    for j = 1:n 
        y  = k1 * rn(j) + k2; 
        Q  = fn(x, y, coef, r, @c_Na, @c_Cl); 
        JX = JX + cn(j) * Q; 
    end 
 
    J = J + cn(i) * k1 * JX; 
end 
 






%% Gaussian integral: Triple 
function J = gaussian_integral_triple(upper_limit, ... 




b = upper_limit; 
a = lower_limit; 
 
h1 = (b - a) / 2; 
h2 = (b + a) / 2; 
J  = 0; 
 
for i = 1:n 
    JX = 0; 
    x  = h1 * rn(i) + h2; 
    d1 = r(end); 
    c1 = x; 
    k1 = (d1 - c1) / 2; 
    k2 = (d1 + c1) / 2; 
 
    for j = 1:n 
        JY     = 0; 
        y      = k1 * rn(j) + k2; 
        beta1  = y; 
        alpha1 = 0; 
        l1     = (beta1 - alpha1) / 2; 
        l2     = (beta1 + alpha1) / 2; 
 
        for k = 1:n 
            z  = l1 * rn(k) + l2; 
            Q  = fn(x, y, z, coef, r, @c_Na, @c_Cl); 
            JY = JY + cn(k) * Q; 
        end 
 
        JX = JX + cn(j) * l1 * JY; 
    end 
 
    J = J + cn(i) * k1 * JX; 
end 
 




%% Create function for Gaussian integral: fn_Ku12(x, y) 
function Q = fn_Ku12(x, y, coef, r, c_Na, c_Cl) 
 






%% Create function for Gaussian integral: fn_Ku13 
function Q = fn_Ku13(x, y, coef, r, c_Na, c_Cl) 
 




%% Create function for Gaussian integral: fn_K12 
function Q = fn_K12(x, y, z, coef, r, c_Na, c_Cl) 
 




%% Create function for Gaussian integral: fn_K13 
function Q = fn_K13(x, y, z, coef, r, c_Na, c_Cl) 
 




%% Create function for Gaussian integral: fn_K21 
function Q = fn_K21(x, coef, r, c_Na, c_Cl) 
 




%% Create function for Gaussian integral: fn_K22_triple 
function Q = fn_K22_triple(x, y, z, coef, r, c_Na, c_Cl) 
 
Q = (c_Na(coef, r, x) + c_Cl(coef, r, x)) * ... 




%% Create function for Gaussian integral: fn_K22_single 
function Q = fn_K22_single(x, coef, r, c_Na, c_Cl) 
 
global D_Na D_Cl 
 




%% Create function for Gaussian integral: fn_K23_triple 
function Q = fn_K23_triple(x, y, z, coef, r, c_Na, c_Cl) 
 
Q = (c_Na(coef, r, x) + c_Cl(coef, r, x)) * ... 






%% Create function for Gaussian integral: fn_K23_single 
function Q = fn_K23_single(x, coef, r, c_Na, c_Cl) 
 
global D_Na D_Cl 
 




%% Create function for Gaussian integral: fn_K31 
function Q = fn_K31(x, coef, r, c_Na, c_Cl) 
 




%% Create function for Gaussian integral: fn_K32_triple 
function Q = fn_K32_triple(x, y, z, coef, r, c_Na, c_Cl) 
 
Q = (c_Na(coef, r, x) - c_Cl(coef, r, x)) * ... 




%% Create function for Gaussian integral: fn_K32_single 
function Q = fn_K32_single(x, coef, r, c_Na, c_Cl) 
 
global D_Na D_Cl 
 




%% Create function for Gaussian integral: fn_K33_triple 
function Q = fn_K33_triple(x, y, z, coef, r, c_Na, c_Cl) 
 
Q = (c_Na(coef, r, x) - c_Cl(coef, r, x)) * ... 




%% Create function for Gaussian integral: fn_K33_single 
function Q = fn_K33_single(x, coef, r, c_Na, c_Cl) 
 
global D_Na D_Cl 
 






M-File B.3 contains an m-file that specifies the coefficient rn and cn used in the 
numerical computation of Gaussian integrals defined in M-File B.2.  The fifth order, n = 
5, is chosen as a default.  To comply with M-File B.2, it is necessary that the filename 
must be given as “rn_cn_n.mat”.   
 
M-File B.3 This m-file specifies the coefficient rn and cn for the numerical 
computation of Gaussian integrals defined in M-File B.2.  The results are 
saved to .mat file with the specific filename “rn_cn_n.mat”.  The fifth 
order, n = 5, is chosen as a default.   
 
clear all; close all; clc; 
 
n = 5; 
 
switch n 
    case 2 
        rn = [ 0.5773502692; -0.5773502692]; 
        cn = [ 1.0000000000;  1.0000000000]; 
    case 3 
        rn = [ 0.7745966692;  0.0000000000; -0.7745966692]; 
        cn = [ 0.5555555556;  0.8888888889;  0.5555555556]; 
    case 4 
        rn = [ 0.8611363116;  0.3399810436; -0.3399810436; ... 
              -0.8611363116]; 
        cn = [ 0.3478548451;  0.6521451549;  0.6521451549; ... 
               0.3478548451]; 
    case 5 
        rn = [ 0.9061798459;  0.5384693101;  0.0000000000; ... 
              -0.5384693101; -0.9061798459]; 
        cn = [ 0.2369268850;  0.4786286705;  0.5688888889; ... 
               0.4786286705;  0.2369268850]; 
end 
 
%% Save data 
save rn_cn_n.mat n rn cn; 
 
 
